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for Efficient (and Dirty) Algorithms

Lucas Dixon

University of Edinburgh
Informatics Forum, 10 Crichton Street, Edinburgh EH8 9AB, UK.

l.dixon@ed.ac.uk

http://dream.inf.ed.ac.uk/

Abstract. We describe an approach to writing efficient algorithms in
fully formal proof systems by reflecting the data the algorithm uses,
but not the algorithm itself. We illustrate the approach with an efficient
algorithm for normalisation of arithmetic terms. Our approach ensures
the correctness of the algorithm’s result without extending the trusted
code of the proof system and without having to prove any properties
about the algorithm itself, such as its termination. This approach allows
correct results to be ensured even for ‘dirty’ algorithms - such as those
which lack a proof of termination.

1 Introduction

This paper presents an approach to implementing efficient algorithms that ma-
nipulate mathematical objects within a fully formal system. A common view is
that fully formal tactic-based systems are not sufficiently extensible to imple-
ment efficient computer-algebra algorithms. The aim of this paper is to show
that, contrary to this common belief, it is possible to provide efficient imple-
mentations with results that have been proved to be correct. We believe this
provides a strong argument that fully-formal proof systems can enjoy efficient
and correct computer-algebra algorithms.

We consider fully-formal proof systems to be those with a fixed and trusted
logical kernel of inference rules. This is the so called LCF-style, also referred to as
tactic-based theorem proving. Examples include systems such as Isabelle [9] and
HOL [4]. Extensions to the system are made by writing tactics which combine
the primitive inference rules with previously derived theorems to derive new
theorems. This ensures that extensions do not endanger the system’s correctness.
Following this methodology, our approach avoids introducing any additional code
that needs to be trusted. The key trick we employ is to observe that, to verify
the result, only the representations used by an algorithm need to characterised
formally. In contrast to approaches based on computational reflection or program
extraction, such as those used by MetaPrl [8], Coq [2], Isabelle [1], we avoid the
need to represent the algorithm in the proof system. Thus we avoid needing
to prove properties about the algorithm, such as its termination. Furthermore,
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we avoid needing extend the trusted code by to include the code-extraction
machinery. Instead, the algorithm can be written outside the logical kernel as
a tactic that justifies its steps using a representation within the proof system’s
object logic.

We note that while you do less, you also get less: within Coq and Isabelle,
you also prove that your algorithm terminates and that it covers all cases. Our
approach lets the algorithm behave badly, but ensures that the results are still
right. In the rest of this paper, we introduce an example problem, that of term
normalisation, outline other approaches, describe an efficient algorithm, and then
describe our approach, illustrated by how it applies to term normalisation. Fi-
nally we conclude and remark on further work.

2 An Example Problem: Term Normalisation

This work was initially motivated by an example problem posed by Bruno Buch-
berger during a visit to Edinburgh in June 2005. He suggested that, without
extending the logical kernel of an LCF-style proof system, an efficient normal-
isation algorithm for Peano arithmetic terms involving zero, addition and suc-
cessor cannot be defined. In particular, given a term such as “a + (Suc (0 +
b) + (c + (Suc d)))”, an efficient normalisation algorithm can be written by
traversing the term tree once. The idea is that the traversal builds a list of
the non-zero elements and counts the number of successors. The result is a
normalised representation of a term with the successors on the outside, i.e.
“(2, [a, b, c, d]) ≡ Suc(Suc(a + b + c + d))”. The efficiency of such an algorithm
is linear with respect to the size of the term.

It is clear that the same level of efficiency is not achieved by a naive algorithm
based on rewriting the term. The naive rewriting based approach would be to
use the rewrite rules:

a + (Suc b) ⇒ Suc(a + b)
(Suc a) + b ⇒ Suc(a + b)

0 + b ⇒ b

b + 0 ⇒ b

and normalisation is achieved by exhaustive rewriting. However, such an algo-
rithm will move successors out one step at a time. The overall runtime will be
asymptotically equal to the number of successors multiplied by the size of the
term, multiplied by the time taken to find the rule’s left hand side in the term.
This is polynomial in the term size, significantly worse than the linear time for
a single term traversal.

The question is how can we implement the efficient algorithm in a fully
formal proof system? Before we present our approach, we briefly discuss other
approaches.
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2.1 Related Work

Verification of Oracles

For problems where the result can be verified quickly, but the computation of
that result is expensive, it is possible to perform the computation outside the
prover and simply verify the result within the prover [6]. Example’s that use this
technique include factorisation and integration. However, this approach is only
useful for problems where the verification of the result is significantly quicker
than the computation. For many problems, including our problem of normalising
arithmetic terms, it is not clear how the correct result can be used as an oracle
without re-performing the full computation. The approach we suggest applies
more generally than the verification of oracles.

Formalised Algorithms and Computational Reflection

Perhaps the most obvious way to get an efficient computer algebra algorithm
within a formal proof system is to write it within the logic of the proof system.
Then algorithm can be applied by simply evaluating it within the proof system.
Doing this naively will have a significant linear slowdown. However, efficient
evaluation techniques has been demonstrated in systems such as ACL2 [5].

The main drawback of this approach is that formalising algorithms is a lot
of work. The user is required to prove properties about the algorithm, such as
its termination, even though they may only be interested in the correctness of
the result. Furthermore, certain algorithms cannot even be defined as functions
within the proof system. In particular, functions within a proof system cannot
recurse over the system’s abstract syntax.

The way to overcome the limits of recursion on the system’s syntax is to ‘re-
flect’ the syntax as object inside the prover. This involves creates an equivalent
represention of the systems syntax within the system itself. This can be a lot of
work, but once this is done, the algorithm can again be expressed as a function
on the reflected representation. However, to apply the algorithm within the proof
system requires extracting the algorithm from the formalisation so that it can
be applied to the systems original syntax. Such an approach has been developed
for the MetaPrl system [8]. Other techniques that extract efficient functional
programs from formalised algorithms have been demonstrated in Coq [2, 7] and
Isabelle [1]. In terms of the trusted code, extraction and reflection-based ap-
proaches, require significantly more code trusted.

The main difference with our approach is that we avoid needing to formalise
and prove properties of the algorithm, while preserving the correctness of its
results. We also avoid the need to extend the trusted code base.

3 The Efficient Algorithm

Before we describe our suggested approach, we clarify the introduced example by
detailing the efficient algorithm for normalisation of arithmetic terms. We will
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present the efficient algorithm over an abstract syntax. For clarity and brevity
we will hide the types. This leaves us with the following datatype for terms:

T = App of T * T
| Abs of T
| Bound of int
| Const of string

Using this syntax, the term a+(Suc b) is represented by (App (App (Const
’+’) (Const ’a’)) (App (Const ’Suc’) (Const ’b’))). However, because
the abstract syntax is rather unreadable, we will write terms within J and K, and
let ourselves use a natural syntax with infix operators. With this notation, the
main part of our efficient normalisation algorithm can be written as:

intern Jx + yK (s,l) = intern JyK (intern JxK (s,l))
intern JSuc xK (s,l) = intern JxK (Suc 1, l)
intern J0K (s,l) = (s,l)
intern JnK (s,l) = (s,n::l)

where the infix function :: is the cons operator for lists. The last case is a catch-
all for any other constants, variables or subterms that are outside the scope
of the normalisation procedure. The intern function computes the number of
successors in the term and creates a list of all non-normalisable, non-zero leaf
nodes. Observe that this function cannot be expressed within the object logic of
a proof-system. This is because the function is defined recursively on the object-
logic’s syntax. Furthermore, it evaluates to different results for the terms J0 · aK,
where · represents multiplication, and J0K, even though they are semantically
the same within the proof system 1.

Once the intermediate representation is calculated, we extract the normalised
expression for it. This is done by evaluating the following function:

extract (a, l) = foldr (op J+K) JaK l

Unlike intern, this can be expressed within a fully formal proof system.
The full normalisation function is then simply the combination of the extrac-

tion with the computation of the intermediate representation:

normalise x = extract (intern x)

By using a list to represent the non-normalisable subterms of the expression,
we normalise away addition’s associative structure. If we wanted to keep the
original structure of the term, then our intermediate representation would simply
be a tree rather than a list.
1 In general, this issue occurs whenever the representation function is not injective to

the original representation; whenever the efficient representation removes symmetries
in the original.
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4 Reflecting Algorithmic Data

Our approach is to implement the efficient version of the algorithm as a tactic.
Unlike functions in the object logic, a tactic can recurse on the structure of
terms. To ensure correctness of the result, the tactic maintains a representation
of the value being computed within the proof system. Steps that transform the
representation require derived theorems to justify their correctness. However, the
algorithm as a whole remains outside the proof system and thus avoids needing
a proof of termination and totality. We illustrate the idea by implementing the
efficient term normalisation.

Returning to the efficient normalisation algorithm, its intermediate internal
representation is defined in the proof system. This is simply a pair of a natural
number - the successor count - with a list of un-normalisable terms: the pair
type (nat * (nat list)). We will call this type E.

Given the intermediate representation within the proof system, we then prove
its relationship to the original representation. For our example, we define the
relationship between objects of type E and those of type nat. This is based on
two functions, firstly, the function fin which creates an E from a nat:

fin 0 (s, l) = (s, l) (1)
fin (Suc x) (s, l) = fin x (Suc s, l) (2)

This function takes an extra accumulator argument. This is to characterise
the behaviour of the intern function. If intern was not recursive then fin would
not need the accumulator argument.

The second function we need is a fully formal version of the extract function,
which we will call fex , which creates a nat from an E:

fex (a, l) = foldr (op +) a l (3)

In the proof system we then derive theorems, based on these functions, to
justify the cases that make up the main part of the efficient algorithm (the
intern function):

fex (fin (x + y) (s, l)) = fex (fin y (fin x (s, l))) (4)
fex (fin (Suc x) (s, l)) = fex (fin x(Suc s, l)) (5)

fex (fin 0 (s, l)) = fex (s, l) (6)
fex (fin x (s, l)) = fex (s, x :: l) (7)

These exactly characterise the cases of intern under the extract function. We
will use these to justify the steps taken by the efficient normalisation algorithm.
Although all these theorems can be proved automatically by IsaPlanner [3], we
anticipate that for more complex representations, it will be more difficult.
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In addition to these properties, in order to let us introduce normalisation, we
also derive:

fex (fin x (0, [])) = x (8)

Using these we can now write the efficient normalisation procedure as a
tactic. The tactic traverses a term of interest and applies (8) from right to left
to initialise the normalisation procedure on a subterm. The subterm matching x
is then traversed and the rules (4) - (7) are applied by the tactic using pattern
matching. This mirrors exactly the intern part of the efficient algorithm. Once
this is completed, the definition of fex is unfolded to apply the extract function,
completing the normalisation. Because each step is justified by an equation, the
final theorem has been derived fully formally.

It is then interesting to ask how this could have gone wrong. Bugs in the
algorithm’s implementation cannot yield a false result, however, a buggy algo-
rithm may not terminate. Another way the algorithm can be buggy is that it
does not complete the normalisation procedure. In these cases extra constants
such as fex and fin will be left within the term.

5 Conclusion

The approach we have presented provides a fully formalised proof of the result
of an algorithm without requiring any proofs about the algorithm’s correctness.
Unlike reflection techniques, properties such as totality and termination do not
need to be proved and no extra trusted code is needed. In comparison with veri-
fied oracles, our approach is more general. Our approach still requires more work
than just trusting novel code. In particular, we still require some proofs about
the representation to justify the algorithms steps. However, for this extra work,
we ensure the soundness of the results. Thus our approach falls somewhere be-
tween verification of oracles and the reflection of algorithms. We have shown that
correct results can be ensured independently of the correctness of the algorithm
used to derive them.

We suggest that whatever representation is used, it can be modelled in a
formal proof system, and thus our approach can be used. For this example,
datatypes suffice. Working with pointers is more complex, but also has an ana-
logue within a proof system as a function from natural numbers (the pointer) to
the value pointed to. Dealing with the details of more complex representations
is left as further work.

To see if this provides a feasible level of efficiency for more complex algo-
rithms is further work. However, given that this incurs only a linear slowdown
we expect that it will be sufficient for many applications. Extending our ap-
proach appropriately for algorithms which use pointer-based data-structures is
another area further work.
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Abstract. The Naproche project (Natural language Proof Checking)
was initiated by Bernhard Schröder and Peter Koepke at the Uni-
versity of Bonn to focus on an interdisciplinary study of the semi-formal
language of mathematics. A central goal of Naproche is to develop a
controlled natural language (CNL) for mathematical texts and adapted
proof checking software which checks texts written in the CNL for syntac-
tical and mathematical correctness. The project is still at a prototypical
stage, further information is available at www.naproche.net.

This paper describes the Naproche system, an implementation of the
ideas developed by the Naproche project. The Naproche system accepts
LATEX-style texts, consisting of mathematical formulas imbedded in a
controlled natural language. Texts written in the controlled natural lan-
guage are parsed using techniques from computational linguistics and
transformed into first-order formulas. The formulas are given to an auto-
matic theorem prover which checks whether each formula of an argument
is a logical consequence of the preceding formulas or axioms.

Key words: Controlled natural language, formal mathematics, discourse
representation theory, automated theorem proving

1 Introduction

Considering that mathematics has a reputation of being an exact science, it is
interesting to note that one of the main concepts of mathematics, the mathemat-
ical proof, is somewhat vaguely defined. What exactly is a mathematical proof?
Firstly, one can distinguish between two kinds of mathematical proofs: Formal
and informal proofs.

Formal proofs are finite derivations in a calculus. They are sequences of
mathematical symbols and do not contain natural language elements. Given a
calculus, there is a definite answer whether or not a text is a formal proof.

An informal proof is a mixture of natural language and mathematical sym-
bols. Most proofs in mathematical textbooks and journals are informal. Contrary
to formal proofs, there is no clear criteria whether a text constitutes an informal
proof or not.
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2 D. Kühlwein, M. Cramer, P. Koepke, and B. Schröder

Ever since Alfred Whitehead’s and Bertrand Russells’s work Prin-
cipia Mathematica [16] most mathematicians agree that it would be possible,
even if extremely tedious, to find a formal proof for every theorem. With this in
mind, one could interpret informal proofs as abbreviations for formal proofs.

Facilitating methods from (computational) linguistics, computer mathemat-
ics and mathematics, the Naproche project (NAtural language PROof CHEck-
ing), a joint initiative of Peter Koepke (Mathematics, University of Bonn)
and Bernhard Schröder (Linguistics, University of Duisburg-Essen), studies
the interplay between formal and informal proofs.

1.1 The Naproche System

As part of the Naproche project, we develop the Naproche system, a program
which aims to automatically translate informal proofs into their formal counter-
parts.

Of course, one first has to define what exactly a translation of an informal
proof is. Our approach is to see an informal proof as a blueprint for a formal
proof. The major stepstones in the derivation are given, and all that is left to do
is to flesh out each single step. To do this, we first transform the informal proof
into a sequence of first order logic statements. Once an input text is translated,
we use automated theorem provers (ATPs) to fill out the gaps. Proofs created
by ATPs are basically derivations in a calculus, and therefore this gives us a
method of creating a formal from an informal proof.

Given that this translation from natural language into first order logic is
sound, this procedure also gives a method of checking the correctness of informal
proofs.

There are several challenges which one has to face when trying to implement
such a program. Firstly, one has to teach the computer to automatically interpret
statements in natural language correctly. The fact that natural language is often
very ambiguous and that there are usually several different ways of stating the
same fact only adds to the difficulty. Another problem is the definition of the
translation algorithm from informal proofs into first order logic. And finally, one
has find a way to extend the first order translation of a text to a full formal
proof.

In order to handle the ambiguity of natural language texts, we developed a
controlled natural language (CNL) for mathematics, the Naproche CNL, which
has a clearly defined translation from texts written in this language into first or-
der formulas. We use an adapted version of Discourse Representation Structures
(DRS), which we call Proof Representation Structures (PRS), to extract the first
order representation of a Naproche CNL text. To fill the gaps in the proof, we
implemented a checking algorithm for PRS that creates the appropriate proof
obligations for the ATP.

We will present each part of the Naproche system in more detail.
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The Naproche System 3

1.2 Related Work

While, to the authors knowledge, there is no other group that focuses on the
connection between informal and formal proofs, there are already several proof
checking systems that also emphasize the readability of their respective input
language.

A. Trybulec’s Mizar [7] is arguably the most prominent. It was started in
1973, and by today several non-trivial mathematical theorems have been proved
(e.g Gödel’s completeness theorem [2]). An active community continues to for-
mulate and prove theorems in Mizar. The results are published regularly in the
journal Formalized Mathematics.

The Isabelle [8] team is working on Isar [15], a “human-readable structured
proof language”. The System for Automated Deduction (SAD, [12]) checks texts
that are written in its input language, ForThel [13], for correctness.

We are collaborating with the VeriMathDoc project [1], which includes the
PLATO program [14]. Their goal is to develop a mathematical assistant sys-
tem that naturally supports mathematicians in the development, authoring and
publication of mathematical work.

2 The Architecture of the Naproche System

The Naproche system consists of three main modules: The User Interface, the
Linguistics module and the Logic module. Figure 1 shows an overview of the
architecture of the Naproche system.

Fig. 1. The architecture of the Naproche system.

The User Interface is the standard communication gateway between the user
and the Naproche system. The input text is given to the User Interface, and
the other modules report back to the User Interface. The module transforms
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4 D. Kühlwein, M. Cramer, P. Koepke, and B. Schröder

the input text into a prolog list and hands it over to the Linguistics module.
Currently, our User Interface is web-based and can be found on the Naproche
website, www.naproche.net. We are also working on a plugin for the WYSIWYG
editor TEXMACS [11]. The input language is described in section 3.

The Linguistics module creates a PRS from the input text. Any errors or
warnings which occur during the creation are reported back to the User Interface.
The created PRS can either be given to the Logic module, or reported back to
the User Interface. Section 4 explains PRSs in greater detail.

With the help of ATPs, the Logic module checks PRSs for logical correctness.
As in the Linguistics module, errors or warnings which occur during the creation
are reported back to the User Interface. The result of the check is sent to the
User Interface. A brief overview of the checking algorithm is given in section 5.

3 The Naproche CNL

Natural language is usually full of ambiguities and heavily context dependent.
This makes extracting the semantics of an arbitrary text written in common
English a very hard, if not impossible, task. Controlled natural languages are
subsets of natural languages, which usually try to reduce complexity and elim-
inate ambiguity while preserving the the relevant parts of the expressiveness of
the original language. They give the user the means to ’easily’ process and work
with text written in such a language.

Attempto Controlled English (ACE) [3] showed that this concept can be very
successful. Texts written in ACE read like normal English while having a unique
first order representation which can be used for further tasks, e.g. reasoning or
queries over the text.

The Naproche CNL aims to be the mathematical equivalent of ACE, i.e. to
be as intuitive and expressive as the semi-formal language of mathematics as
used in textbooks and journals, while defining an unambiguous translation into
first order logic.

In the current version of the Naproche CNL, a text is structured by structure
markers: Axiom, Theorem, Lemma, Proof and Qed. For example, a theorem is
presented after the structure marker Theorem, and its proof follows between the
structure markers Proof and Qed.

First order formulas can be combined with natural language expressions to
form the usual mathematical constructs like statements, definitions, implications
and assumptions.

Assumptions are always opened by an assumption trigger (e.g. let, consider,
assume that . . . ), and closed by a sentence starting with thus or by a Qed.
Definitions always start with define. Assertions are made by a first order formula
or a naturally predicated term (e.g. x is an ordinal), optionally preceeded a
statement trigger (e.g. then, hence, therefore, so, . . . ). Additionally, negation,
conjunction, disjunction, quantification and implication may be expressed in
natural language.
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The Naproche System 5

Since most mathematicians use LATEX for writing papers, we tried to keep
the Naproche CNL very close to original LATEX code.

As an example, we present a short proof written in the Naproche CNL.

Define $Trans(x)$ if and only if $\forall u, v (u \in v \and
v \in x) \implies u\in x$.
Define $Ord(x)$ if and only if $Trans(x) \and \forall y (y \in x
\implies Trans(y))$.

Theorem.
For all $x$, $y$, if $x \in y$ and $Ord(y)$ then $Ord(x)$.

Proof.
Suppose $x \in y$ and $Ord(y)$. Then $Trans(x)$.
Assume that $u \in x$. Then $u \in y$.
Hence $Trans(u)$. Thus $Ord(x)$.
Qed.

Note that formal quantification and implication is used in the definitions,
whereas the statement of the theorem is written using natural language quan-
tification and implication.

Substituting \and with \wedge and \implies with \rightarrow gives LATEX
compilable text:

Define Trans(x) if and only if ∀u, v(u ∈ v ∧ v ∈ x) → u ∈ x.
Define Ord(x) if and only if Trans(x) ∧ ∀y(y ∈ x → Trans(y)).

Theorem.
For all x, y, if x ∈ y and Ord(y) then Ord(x).
Proof.
Suppose x ∈ y and Ord(y). Then Trans(x). Assume that u ∈ x. Then
u ∈ y. Hence Trans(u). Thus Ord(x).
Qed.

4 Proof Representation Structures

While extracting the semantics of a CNL is definitely easier than extracting the
semantics of a text in unrestricted natural language, it is still no trivial task.
The more sophisticated the CNL gets, the more advanced approaches need to
be used.

Computational linguistics has developed several techniques to automatically
extract the semantics of a natural language text. We adapted the Discourse
Representation Structures (DRS, [4]) from Discourse Representation Theory,
which are also used in the Attempto project [3], for our needs, and called the
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6 D. Kühlwein, M. Cramer, P. Koepke, and B. Schröder

result Proof Representation Structures1 (PRSs, see [5], [6]). PRSs are Discourse
Representation Structures that are enriched in such a way as to represent the
distinguishing characteristics of the semi-formal language of mathematics.

Fig. 2. A PRS with identification number i, discourse referents d1, ..., dn, mathematical
referents m1, ..mk, conditions c1, ..., cl and textual referents r1, ..rp

A PRS has five constituents: An identification number, a list of discourse
referents, a list of mathematical referents, a list of textual referents and an
ordered list of conditions. Similar to DRSs, we can display PRSs as “boxes” (See
fig. 2).

Mathematical referents are the terms and formulas which appear in the text.
As in DRSs, discourse referents are used to identify objects in the domain of
the discourse. However, the domain contains two kinds of objects: mathematical
objects like numbers or sets, and the symbols and formulas which are used to
refer to or make claims about mathematical objects. Discourse referents can
identify objects of either kind.

PRSs have identification numbers, so that they can be referred to at some
later point. The textual referents indicate the intratextual and intertextual ref-
erences.

Just as in the case of DRSs, PRSs and PRS conditions have to be defined
recursively: Let A, B be PRSs, f be a function symbol, X, X1, . . . , Xn discourse
referents, Y a mathematical referent, and let Word denote an English noun,
adjective or verb. Then

– holds(X) is a condition representing the claim that the formula referenced
by X is true.

– math id(X, Y ) is a condition which binds a discourse referent to a mathe-
matical referent (a formula or a term).

– A is a condition.
– ¬A is a condition, representing a negation.
– A := B is a condition, representing a definition.
– A => B is a condition, representing an implication or universal quantifica-

tion.
– A <=> B is a condition, representing an equivalence statement.

1 Note that even though Claus Zinn [17] also uses the term Proof Representation
Structure, the definitions of Naproche and Zinn are different.

15



The Naproche System 7

– A <= B is a condition, representing a B if A statement.
– A ∨B is a condition, representing a disjunction.
– A ==> B is a condition, representing an assumption.
– f :: A => B is a condition, representing a function definition.
– contradiction is a condition, representing a contradiction.
– predicate(X, Word) is a condition, representing a natural language state-

ment with one argument.
– predicate(X1, X2, Word) is a condition, representing a natural language

statement with two arguments.

Note that contrary to the case of DRSs, a bare PRS can be a direct condition
of a PRS. This allows to represent the nested structure of mathematical texts in
a PRS: The different building blocks of a text (axioms, definitions, lemmas, the-
orems, proofs), that are denoted by structure markers, correspond to sub-PRSs
(See fig. 3 for an example). The hierarchical structure of assumptions is repre-
sented by nesting conditions of the form A ==> B: A contains an assumption,
and B contains the representation of all claims made inside the scope of that
assumption.

The algorithm creating PRSs from CNL proceeds sequentially: It starts with
the empty PRS. Each sentence or structure marker in the discourse updates the
PRS according to an algorithm similar to a standard DRS construction algorithm
but taking the nesting of assumptions into account. [5]

The PRS constructed from the example proof is shown in figure 3.

5 Checking PRS

The checking algorithms keeps a list of first order formulas it considers to be true,
called premises, which gets continuously updated during the checking process.

To check a PRS, the algorithms considers the conditions of the PRS. The
conditions are checked sequentially and each condition is checked under the
currently active premises. According to the kind of condition, the Naproche
systen creates obligations which have to be discharged by an automated theorem
prover. If all obligations of a condition can be discharged, then the condition is
proved to be valid. After a conditions is deemed valid, the active premises get
updated, and the next condition gets checked. A PRS is accepted by Naproche
if all its conditions are valid.

In our example PRS (Fig. 3), the first condition is a definition. As this is the
first condition of the PRS, the sequence of currently active premises is empty.
Since definitions do not have to be checked, all we have to do is store the first
order representation of this definition as a premise for future use. So after this
condition is processed, the sequence of currently active premises contains the
formula ∀x Trans(x) ↔ (∀u, v(u ∈ v ∧ v ∈ x) → u ∈ x).

The second conditions is also a definition and therefore gets treated the same
way. The sequence of active premises after this condition is

[∀x Trans(x) ↔ (∀u, v(u ∈ v ∧ v ∈ x) → u ∈ x),
∀x Ord(x) ↔ (Trans(x) ∧ ∀y(y ∈ x → Trans(y)))]
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Fig. 3. The PRS for the proof of: For all x, y, if x ∈ y and Ord(y) then Ord(x).
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The Naproche System 9

The next condition in our example PRS is a theorem condition. A theorem
conditions is a PRS with two sub-PRS, the goal PRS and the proof PRS. The
statement of the theorem is stored in the goal PRS, the proof for the theorem is
in the proof PRS. The algorithm first checks the proof PRS and then uses the
updated premises to check the goal PRS.

The first condition in the proof PRS is an assumption. Again, all we have to
do is to update the list of active premises. It now contains the following formulas:

[∀x Trans(x) ↔ (∀u, v(u ∈ v ∧ v ∈ x) → u ∈ x),
∀x Ord(x) ↔ (Trans(x) ∧ ∀y(y ∈ x → Trans(y))),
x ∈ y, Ord(y)]

Next comes the statement Trans(x). The algorithm tries to prove this state-
ment from the active premises. For this, the premises as well as the statement are
transformed into the TPTP first order format [9] and an ATP query is created:

fof(1, axiom, ![Vx]:((trans(Vx))<=>
(![Vu,Vv]:(((in(Vu,Vv))&(in(Vv,Vx)))=>(in(Vu,Vx)))))).

fof(2, axiom, ![Vx]:((ord(Vx))<=>
((trans(Vx))&(![Vy]:((in(Vy,Vx))=>(trans(Vy))))))).

fof(3, axiom, in(vx,vy)).
fof(4, axiom, ord(vy)).
fof(1, conjecture, trans(vx)).

Geoff Sutcliffe’s service tools for the TPTP library (e.g. SystemsOnTPTP
[10]) are used to interact with the ATP. The result is given as an output to the
user, Trans(x) gets added to the active premises and the checking algorithm
proceeds to the next condition.

The remaining conditions are checked in a similar fashion. The detailed pro-
cedure as well as considerations about the completeness and the correctness of
the algorithm can be found in [6].

6 Results

The Naproche system parses the Naproche CNL, creates the appropriate PRSs,
and checks them for correctness using automated theorem provers. The Burali-
Forti paradox, a well known mathematical theorem, as well as several basic
statements in group theory, were formulated in the Naproche CNL, and checked
for correctness with the Naproche system. A web-based interface to the Naproche
system can be found on our homepage www.naproche.net.

7 Future Work

There are two major points that we would like to improve in upcoming versions
of the Naproche system:
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Firstly, we will extend the Naproche controlled natural language to include
a rich mathematical formula language and many argumentative mathematical
phrases and constructs. And secondly, we shall improve the Naproche-ATP in-
teraction. We want to study which of the premises were actually used when
discharging a proof obligation and whether the systems can be tailored to do
inferences in the ’size’ of human proofsteps.

Once the Naproche system is sufficiently extensive and powerful, proofs from
various areas of mathematics can be reformulated and checked in a way under-
standable to men and machines.
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Abstract. We present a framework for adapting existing proofs in a
mathematical library of axioms and theorems to a proof under develop-
ment. We give a heuristic which enables to reuse proofs for �rst order
formulas of the FoCaL system. We �rst embed FoCaL concepts into a
�rst order sequent calculus in which we characterize and build quantita-
tive proofs. We then allow name conversion on functional and relational
symbols which reduces the problem of proving a statement to �nding
existing proofs and related quantitative proofs. An informal algorithm is
outlined on a FoCaL library example.

1 Context

Formally certifying programs is an activity which is known to be human time
consuming. Indeed automatically veri�ed algorithms need to be much more ex-
plicit than what one usually �nds in mathematical books since those are intended
for a human reader. As a consequence the number of lines dedicated to proving
an algorithm is usually huge with respect to those devoted to its implementation.

This leaves the mathematical programmer with a puzzle: either she can �nd
a statement together with a proof which suits her needs; either she must state
and prove by herself. Proofs which are �left as an exercise for the reader� in
textbooks must become explicit for an automated prover and the programmer
must perform time consuming hand transformation of an existing proof to build
a new one. For instance she will adapt a proof made for an additive law to a
multiplicative law.

One solution to this problem is to abstract the proofs using supplementary
parameters and to add premises which are the missing ingredients in the proof.
Doing so we could state and prove some results for any commutative and asso-
ciate composition law. However, this requires using higher order provers which
are capable to manipulate functional values. During the design of the FoCaL
model higher order was considered di�cult to use by a mathematical program-
mer and the system only provides support for �rst order formulas.

We want in this work to provide tools adapted for this kind of formulas.
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1.1 The FoCaL model

The FoCaL paradigm introduces layered concepts of entities, collections and
species. Entities and collections are akin to elements and sets in mathematics.

Entities are the values manipulated by FoCaL programs, they belong to col-
lections and are abstractly manipulated through method calls. In this paper we
will view entities as terms of a Σ-algebra and methods as operations of the
algebra.

Collections provide operations (methods) for manipulating entities and proved
statements (theorems) relating methods and entities. That is we have �rst order
formulas where entities may be quanti�ed for logical statements and proofs of
these formulas.

Collections are derived from species which describe and implement methods.
Species follow an object oriented semantics with multiple inheritance where re-
de�nition of methods and new proofs for statements are allowed. This makes
collections and entities akin to objects and classes in object oriented program-
ming languages as described in [9].

A species may contain declarations or implementations. At the declarative
level the programmer may specify operation signatures (signature) or logical

statements (property) expressing formulas. At the implementation level the
programmer must provide code matching declared signatures (let) and proofs
for logical statements (proof of).

Example 1. In the FoCaL library a meet semi lattice contains speci�cations for
an equality and an in�mum operation. That is we have a species Spa containing

signature equal : Self -> Self -> bool ;

signature inf : Self -> Self -> Self;

property inf_is_associative : all x y z in Self,

!equal (!inf (!inf (x, y), z), !inf (x, !inf (y, z)));

property inf_left_substitution_rule : all x y z in Self,

!equal (x, y) -> !equal (!inf (x, z), !inf (y, z));

property equal_symmetric : all x y in Self,

!equal(x, y) -> !equal(y, x) ;

property equal_transitive : all x y z in Self,

!equal(x, y) -> !equal(y, z) -> !equal(x, z) ;

We view signatures with target bool as predicate symbols and other signatures
as function symbols. In order to simplify reading �!equal(x, y)� will be written
�x = y� and �inf(x, y)� will be written �x u y� in the text. We will furthermore
use index on symbols denoting their origin.
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We will use labels to name formulas and the above FoCaL properties will be

∀d,∀e,∀f, e =a f ⇒ (d ua e) =a (d ua f) (1)

∀g,∀h,∀i, (g ua (h ua i)) =a ((g ua h) ua i) (2)

∀l,∀m, l =a m⇒ l =a m (3)

∀n, ∀p,∀q, n =a p⇒ p =a q ⇒ n =a p (4)

The FoCaL programmer has access to formula 2 under the FoCaL name inf_is_associative.
Here we have renamed variable names in order to simplify the reading of

further section which will use these speci�cations.

1.2 The Zenon prover

The FoCaL Proof Language allows declarative proof descriptions inspired by
Leslie Lamport's work (see [13]). The FoCaL compiler type-checks and translates
user written proofs for the Zenon prover. Zenon (see [4]) is FoCaL's dedicated
automatic prover, it uses tableaux techniques to prove sequents (see [4] for de-
tails). One of the main features of Zenon is that it is able to produce proofs
scripts or proof terms for the Coq proof assistant.

A FoCaL proof is translated into a set of sequents in an unsorted �rst order
logic that Zenon is able to manage.

Example 2. Continuing meet semi lattices speci�cations of species Spa, we also
have a de�nition

let order_inf (x, y) = !equal (x, !inf (x, y));

We will denote it using an in�x binary predicate symbol ≤a which has FoCaL
name order_inf. Furthermore the ≤a symbol has a body which we denote

∀j,∀k, (j ≤a k) ≡ (j =a (j ua k)) (5)

Here by �N ≡ D� we allow the prover to replace N with its de�nition D.
An important property for meet semi lattices is that �u� law de�nes an

in�mum for �≤�. In FoCaL we have:

theorem order_inf_is_infimum : all x y z in Self,

!order_inf (z, x) -> !order_inf (z, y) ->

!order_inf (z, !inf (x, y))

proof =

<1>1 assume x in Self,

assume y in Self,

assume z in Self,

assume H1 : !order_inf (z, x),

assume H2 : !order_inf (z, y),

prove !order_inf (z, !inf (x, y))

<2>1 prove !equal (z, !inf (!inf (z, x), y))
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by hypothesis H1, H2

property inf_left_substitution_rule,

equal_symmetric, equal_transitive

definition of order_inf

<2>f qed by step <2>1

property inf_is_associative, equal_transitive

definition of order_inf

<1>2 conclude;

This script introduces the following steps:

� The name H1 standing for z ≤a x
� The name <1>1 which stands for the statement

∀x, ∀y,∀z, (H1)⇒ (H2)⇒ z ≤ (x ua y)

� The global FoCaL theorem statement

∀a,∀b,∀c, c ≤a a⇒ c ≤a b⇒ c ≤a (a ua b) (6)

is then a direct consequence of statement (<1>1) and this is stated in the
conclude directive. We will write that we have a sequent

(<1>1) ` (6)

� Similarly we have a sequent proving z = ((z ua x) ua y) (ie <2>1)

{(H1), (H2), (1), (3), (4), (5)} ` <2>1

The qed directive proves <1>1 introducing statements (1) and (2).
In this paper we will not consider internal FoCaL names. We consider only
that we have a proof for the sequent :

{(1), (2), (3), (4), (5)} ` (6)

1.3 Related work

There are many works about proof reuse, Roberto Di Cosmo's work [6] has led
to numerous applications such as [1], [3], [5], [5] . . . These works are based on
type isomorphisms and for two isomorphic statement types τ and τ ′ and a proof
term t for statement type τ one �nds a proof term t′ for statement type τ ′.
All these approaches are based on types and use the Curry-Howard-De Bruijn
correspondence. We di�er from these because we want to stay close to Zenon
prover which uses �rst order unsorted logic.

Kolbe and Walther in [11] use generalization and second order uni�cation
which is implemented in the Plagiator (see [10]) system. Let us assume that we
have a formula P1 = ∀x, f(x) > 0, the symbol f is generalized giving the new
formula A = ∀f, ∀x, f(x) > 0 and a formula P2 = ∀x, g(x) > 0 is viewed as an
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instance of A using second order uni�cation and the proof of P1 is adapted to
P2 using heuristics. This technique is also explored in [16] for Coq.

In [15] Melis and Shairer start by discovering analogies between two state-
ments and similarities are used to transform a proof into another. They also use
higher order uni�cation to �nd similarities.

We di�er from these approaches since we never need to use higher order uni-
�cation. The section 2 is a simple overview of the concepts of terms, formulas,
substitutions and uni�ers. Our central result is the dependency property of sec-
tion 3 which considers the order of quanti�ers inside a prenex closed formula.
Section 4 extends the substitutions to the symbols of functions and predicates.
In section 5 we present our heuristic for reusing proofs.

2 Terms, formulas and uni�cation

2.1 Expressions

Let us consider a set of (symbols of) variables X , a set of (symbols of) functions
F , a set of (symbols of ) predicates R where each symbol has an arity. In this
paper, formulas are always �rst order formulas built in a traditional way with
symbols of X , F and R respecting arities. A quanti�er free formula will be
called a proposition. We will write propositions with an indice �p� as in �Ap�
in order to distinguish them from quanti�ed formulas. An expression is either
a term or a formula and we will call them (X ,F)-terms, (X ,F)-fromulas or
(X ,F)-expressions.

For a formula A we will denote U (A) (resp. E (A)) the set of universally
(resp. existentially) quanti�ed variables of A. For a term t we will denote by
VarX (t) the subset of X made of variables appearing in t.

2.2 Substitutions

A variable substitution (or simply substitution) is a function σ from X to
(X ,F)-terms which is written in post�x notation.

The domain of a substitution is the subset of X made of those variables
modi�ed by σ and we only consider substitutions whose domain is �nite. We
will denote Dom (σ) the domain of a substitution σ.

The substitution which gives to the variable x the image t is denoted [x := t]
A substitution σ is then extended to terms, formulas and sequents using

standard induction rules.

Let t1 and t2 be two (X,F)-terms, an (X,F)-uni�er (or simply uni�er) of
t1 and t2 is a substitution σ such that t1σ = t2σ. A most general uni�er (an
MGU for short) of t1 and t2 is an idempotent element minimal with respect to
generality among uni�ers of t1 and t2. Herbrand's �nite uni�cation algorithm
enables to decide whenever two terms t1 and t2 are uni�able. Furthermore, the
algorithm provides an MGU for t1 and t2.
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3 Quantitative proofs

In this section we restrict to prenex �rst order closed formulas. We will denote
such formulas by QXA

.Ap, where Ap is a proposition and QXA
denotes the list

of quanti�ers binding the variables of A.

We will enumerate the variables of a prenex formula from the interior towards
the outside of the formula. For a formula A we will denote by db(x,A) the
index of the quanti�ed variable x of A. For instance in the following formula :
A = ∀x, ∃y,∀z, P (x, y, z, t), we have db(x,A) = 3, db(y,A) = 2 and db(z,A) = 1.

A sequent A ` B is separated if its hypothesis and conclusion are two prenex
formulas and if bound variables of A (resp B) do not meet variables (either
free or bound) of B (resp A). It is closed when both hypothesis and conclusion
are closed. For instance ∀x, P (x, u) ` ∀z,∃y,Q(z, y), is a separated sequent but
not ∀x, P (x, z) ` ∀z,∃y,Q(z, y) nor ∀z, P (z, u) ` ∀z,∃y,Q(z, y). A sequent S =
QXA

.Ap ` QXB
.Bp, can always be transformed into an equivalent separated

sequent S′ by renaming its bounded variables. The sequent S′ is then called a
separated renaming of S.

Let S = QXA
.Ap ` QXB

.Bp be a separated sequent. An oriented uni�er

of S is a uni�er of the propositions Ap and Bp whose domain is contained
in U (QXA

.Ap) ∪ E (QXB
.Bp). In short we only unify universal variables of the

hypothesis and existential variables of the conclusion. Similarly we have oriented
MGUs (OMGUs for short).

A quantitative proof of a separated sequent is a valid sequence of quanti�er
elimination inference rules terminated by an axiom. Such a proof is in particular
a tree having only one leaf. We have identi�ed a necessary and su�cient condition
for a closed separated sequent to admit a quantitative proof. Our property, which
we call dependency property (between quanti�ers), can be expressed in several
equivalent ways. Here we give one among them :

Proposition 1 (dependency property). Let S = QXA
.Ap ` QXB

.Bp be a

separated closed sequent. The sequent S admits a quantitative proof if and only

if there exists an OMGU σ such that for any y ∈ E (QXA
.Ap), x ∈ U (QXA

.Ap),
y′ ∈ E (QXB

.Bp) and x′ ∈ U (QXB
.Bp)checking db(y,QXA

.Ap) < db(x,QXA
.Ap)

and db(x′, QXB
.Bp) < db(y′, QXB

.Bp) we have :

1. y /∈ V(xσ)
2. x′ /∈ V(y′σ)
3. y /∈ V(y′σ) or x′ /∈ V(xσ)

Furthermore, if an OMGU σ for a separated closed sequent S satis�es the
conditions 1, 2 and 3 above, then any other OMGU for S veri�es 1, 2 and 3. The
uni�er σ is then called a prover. If a separated sequent S has a prover then any
separated renaming of S has a prover. If a sequent S has a separated renaming
which admits a prover we will also say that S has a prover.
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As a corollary of the dependency property, one can notice that if all bounded
variables of S are universally quanti�ed, the existence of an OMGU is equivalent
to the fact that S has a quantitative proof.

Example 3. Let us consider QXA
.Ap which expresses continuity of the function

f at a point:

∀ε,∀x, ∃α,∀y, |y − x| < α⇒ |f(y)− f(x)| < ε

Let QXB
.Bp express uniform continuity of f :

∀ε′,∃α′,∀x′,∀y′, |y′ − x′| < α′ ⇒ |f(y′)− f(x′)| < ε′

� For S1 = QXA
.Ap ` QXB

.Bp, we have the OMGU :

σ1 = [ε := ε′] [x := x′] [y := y′] [α′ := α]

The sequent S1 has no quantitative proof because condition 3 of the depen-
dency property is not true.

� For S2 = QXB
.Bp ` QXA

.Ap, we have the OMGU :

σ2 = [ε′ := ε] [x′ := x] [y′ := y] [α := α′]

The sequent S2 has a quantitative proof because the three conditions of the
dependency property are true.

� Finally let us consider this example:

S3 = ∀x, ∃y, P (x, y) ` ∀x′,∃y′, P (g(x′, y′), y′)

An OMGU fo S3 is σ3 = [y′ := y] [x := g(x′, y)] The sequent S3 has no
quantitative proof because condition 1 of the dependency property is not
veri�ed.

4 Extended substitutions

Uni�cation de�ned in section 2 does not allow terms such as f(x, y) and g(x, y)
to match because no uni�cation is possible on functional symbols. We will thus
divide the set F of functional symbols into a set FV of abstract (ie subject to
uni�cation) symbols and a set of FC of concrete (ie not subject to uni�cation)
symbols. We select ourselves which function symbols are considered abstract
and which one have to be placed into FC . We proceed in a similar way splitting
relational symbols of R into RC ∪RV .

Example 4. Join semi lattices are very similar to meet semi lattices and we want
to prove the theorem stating that the �tc� operation induces a supremum for
the �≥c� order relation. That is, we have a species Spc containing the formula

∀a′,∀b′,∀c′, c′ ≥c a
′ ⇒ c′ ≥c b

′ ⇒ c′ ≥c (a′ tc b
′) (7)

Which is very similar to formula (6) of species Spa.
In order to work with both species Spa and Spc we view them as sets of

properties, proofs and de�nitions over a common set of symbols. Symbols of
Spa will be considered abstract whereas symbols from Spc will be considered
concrete.
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An extended substitution is a function σ from X ∪FV ∪RV to the union of the
(X ,F)-terms set, F and R which veri�es the following conditions :

1. The set Dom (σ) = {e ∈ X ∪ FV ∪ RV |σ(e) 6= e} is �nite. We will call this
set the domain of σ and denote it by Dom (σ).

2. For all f in FV , fσ is in F and has the same arity as f .

3. For all P in RV , Pσ is in R and has the same arity as P .

4. For all x in X , xσ is a (X ,F)-term.

As for variable substitution we denote eσ for σ(e). It is obvious that a variable
substitution is a particular case of extended substitution which is constant over
FV ∪RV .

Again, as for variable substitution, one can apply an extended substitution σ
to the (X ,F)-terms and (X ,F ,R)-formulas (one has to be carefull with variables
captures).

For a set V ⊂ X t FV t RV and an extended substitution σ we will denote
[σV ] the extended substitution such that:

� for all e ∈ V, eσ = e [σV ].
� Dom ([σV ]) ⊂ V

and we split σ into [σFV ∪RV
] [σX ]. In this way [σFV ∪RV

] can always be applied
to any formula without capturing variables. If S is a general sequent having a
proof in some �rst order sequent calculus, and if σ is an extended substitution,
then S [σFV ∪RV

] also has a proof which is its image.

Let e1 and e2 be two terms or two propositions, an extended uni�er of e1
and e2 is an extended substitution σ such that e1σ = e2σ. An extended MGU

(EMGU for short) is an idempotent extended substitution which is a maximal
element for generality.

We have a restricted case of second order uni�cation where we only allow
name conversion on functional and relational symbols. This enables us to have a
decision procedure for the existence of an EMGU. Such EMGUs are furthermore
compatible with the dependency property.

Let S = QXA
, Ap ` QXB

, Bp be a closed separated sequent with Ap and Bp

being propositions. An extended OMGU (EOMGU for short) of S is an EMGU
σ of Ap and Bp which is oriented.

If S has an EOMGU σ verifying conditions of the dependency property,
then S′ = QXA

, Ap [σFV ∪RV
] ` QXB

, Bp [σFV ∪RV
] has a quantitative proof and

[σX ] is a prover of S′. We say that σ is a preprover of S and we will further
use preprovers when reusing proofs. When a separated renaming of a sequent S
admits a preprover we will also say that S admits a preprover.

FFF Finally, we have the theorem :

Proposition 2. Let S be a separated closed sequent. The existence of extended

substitution σ such that S [σFV ∪RV
] admits a quantitative proof is a decision

procedure which is equivalent to �nd a preprover of S.

28



Example 5. Let us consider the sequent S:

∀x, ∀y, x +a y = y +a x ` ∀z,∃t, z × f(t) = f(t) × z

where +a is abstract, and ×, = and f are concrete. The sequent S as an EOMGU
σ = [σFV ∪RV

] [σX ] = [+a := ×] ([x := z] [y := f(t)]). Conditions of the depen-
dency property are satis�ed, thus σ is a preprover of S. The sequent S [σFV ∪RV

]
has thus a quantitative proof whith prover [σX ]. Here S [σFV ∪RV

] is

∀x, ∀y, x × y = y × x ` ∀z,∃t, z × f(t) = f(t) × z

5 Proof reuse example

In this section we want to discover and adapt the proof given in example 2
for species Spa to species Spc. We thus need to �nd statements in species Spc

matching statements (1), (2), (3), (4) and (5) of species Spa. Those are

∀d′,∀e′,∀f ′, e′ =c f
′ ⇒ (d′ tc e

′) =c (d′ tc f
′) (8)

∀g′,∀h′,∀i′, (g′ tc (h′ tc i
′)) =c ((g′ tc h

′) tc i
′) (9)

∀l′,∀m′, l′ =c m
′ ⇒ l′ =c m

′ (10)

∀n′,∀p′,∀q′, n′ =c p
′ ⇒ p′ =c q

′ ⇒ n′ =c p
′ (11)

∀j′,∀k′, (j′ ≥c k
′ ≡ j′ =c (j′ tc k

′)) (12)

Since we renamed by hand variables in our examples any sequent we con-
sider is separated, furthermore since our statements are closed any sequent is
closed. No existential quanti�er is involved for our lattice theory examples, thus
conditions for dependency property are always met.

Species Spa will be viewed as a pair (Lpa, Tha) of its axioms and theorems
which are lists of sequents. Here Tha = {Sa} and

Lpa = {(1), (2), (3), (4), (5)}
Sa = (1), (2), (3), (4), (5) ` (6)

Species Spc has no theorem and is (Lpc, Thc) with empty Thc and

Lpc = {(8), (9), (10), (11), (12)}
We want to prove concrete statement (7) using concrete statements of Lpc and

we allow adapting proofs of Tha. That is a function reuse((7), Lpc, Tha) whose
result is a list of pairs (Π, τ) whereΠ is a proof of the sequent Lpb ` (7) [τFV ∪RV

].
We perform the following steps:

� The formula (7) does not match any statement in Lpc but matches only with
statement (6) which is the conclusion of a theorem in Tha.

� Thus the sequent (6) ` (7) has a preprover σ which is

[a := a′] [b := b′] [c := c′] [≤a:=≥c] [ua := tc]

29



� We apply [σFV ∪RV
], which is equal to [≤a:=≥c] [ua := tc], to each hypoth-

esis of Sa.
� We compute reuse((i) [σFV ∪RV

]), Lpc, ∅) (since ∅ = Tha \ {Sa}) for each
statement (i) in the premises of Sa. We only describe (1) [σFV ∪RV

] which is

∀d,∀e, ∀f, e =a f ⇒ tc(d, e) =a tc(d, f)

• This formula only matches with the concrete formula (8) of Lpc.
• The sequent (8) ` (1) [σFV ∪RV

] admits the preprover σ(1) which is equal
to : [d′ := d] [e′ := e] [f ′ := f ] [=a := =c].

• We have (8)
[
σ(1)FV ∪RV

]
= (8) since (8) is concrete. Thus, the sequent

(8) ` (1) [σFV ∪RV
]
[
σ(1)FV ∪RV

]
has a (quantitative) proof.

• Finally, the formula (1) [σFV ∪RV
]
[
σ(1)FV ∪RV

]
is provable under hypoth-

esis (8) of Lpc.
� Similarly, for all other hypothesis (j) of the sequent Sa, one �nd only a

corresponding preprover σ(j). We thus obtained[
σ(1)FV ∪RV

]
,
[
σ(2)FV ∪RV

]
,
[
σ(3)FV ∪RV

]
,
[
σ(4)FV ∪RV

]
,
[
σ(5)FV ∪RV

]
which are all equal to [=a := =c] which is thus their generalization.
So, for each hypothesis (j) of Sa,

Lpc ` (j) [σFV ∪RV
] [=a := =c]

has proof πj since we have a quantitative proof.
� The sequent Sa [σFV ∪RV

] [=a := =c] has proof Πa image of the proof we
have for Sa.

� Thus, the sequent Lpc ` (6) [σFV ∪RV
] [=a := =c] admits proofΠ0 made from

Π1, Π2, Π3, Π4, Π5 and Πa.
� For formula (7) we have a quantitative proof of sequent

(6) [σFV ∪RV
] [=a := =c] ` (7) [σFV ∪RV

] [=a := =c]

Since (7) is concrete we have proof Π7 of sequent

(6) [σFV ∪RV
] [=a := =c] ` (7)

� Finally we can build our result (Π, γ) from Π0, Π7 and , σ [=a := =c]

6 Conclusion and further work

We have given a framework where FoCaL species are embedded into lists of
formulas, de�nitions and sequents over (X ,F ,R)-formulas with abstract and
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concrete symbols. We use abstract formulas as models for concrete formulas using
substitutions of abstract symbols into concrete terms, functions or predicates.
These substitutions preserve good properties of MGUs and we presented the
notion of extended oriented MGUs.

In proposition 1 (dependency property) we gave necessary and su�cient con-
ditions for a sequent to admit a proof using only quanti�er elimination rules. As
a consequence, if a concrete formula is obtained from an abstract one by only
inverting quanti�ers this is detected. We then have adapted the classical uni�ca-
tion algorithm to reduce more complex matchings to the dependency property.

We presented a heuristic enabling to transform a proof of an abstract formula
into a proof of a matching concrete formula. So far our heuristic works well on all
the examples we have taken from the FoCaL library. For instance in the FoCaL
library equality is a user level notion and every function needs to be compatible
with equality giving one formula for each signature de�ned. Fortunately all their
proof are similar and this is detected by our heuristic.

We think that our heuristic is su�ciently speci�ed to start an implementation
which we will do very soon. We hope that this will reduce the amount of work
needed to achieve a fully certi�ed FoCaL development.

Other work to do is to go deeper in the structure of a proof in the FoCaL
Proof Language since we have so far shown that the overall proof was reusable
but we have no guarantee on the di�erent steps which are passed to Zenon.

On a more theoretical point of view we also need to better identify how our
generalization of �rst order uni�cation relates to other forms of higher order
uni�cation.
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Abstract. We describe Haskell implementations of combinatorial gen-
eration algorithms with focus on boolean functions and logic circuit rep-
resentations. Using pairing and unpairing functions on natural number
representations of truth tables, we derive an encoding for Binary Decision
Diagrams (BDDs) with the unique property that its boolean evaluation
faithfully mimics its structural conversion to a natural number through
recursive application of a matching pairing function. We then use this
result to derive ranking and unranking functions for BDDs and reduced
BDDs.

The paper is organized as a self-contained literate Haskell program, avail-
able at http://logic.csci.unt.edu/tarau/research/2008/fBDD.zip.

Keywords: binary decision diagrams, encodings of boolean functions,
pairing/unpairing functions, ranking/unranking functions for BDDs, com-
putational mathematics in Haskell

1 Introduction

This paper is an exploration with functional programming tools of ranking and
unranking problems on Binary Decision Diagrams. The paper is part of a larger
effort to cover in a declarative programming paradigm some fundamental com-
binatorial generation and boolean function manipulation algorithms along the
lines of Knuth’s recent work [2].

The paper is organized as follows:
Sections 2 overviews efficient evaluation of boolean formulae in Haskell using

bitvectors represented as arbitrary length integers and BDDs. Section 3 intro-
duces pairing/unpairing functions acting directly on bitlists. Section 4 introduces
a novel BDD encoding (based on our unpairing functions) and discusses the sur-
prising equivalence between boolean evaluation of BDDs and the inverse of our
encoding. Section 5 describes ranking and unranking functions for BDDs and
reduced BDDs. Sections 7 and 8 discuss related work, future work and conclu-
sions.
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2 Evaluation of Boolean Functions with Bitvector
Operations

Evaluation of a boolean function can be performed one result bit at a time
for each combination of inputs. Unfortunately this does not take advantage of
the ability of modern hardware to perform such operations one word a time -
with the instant benefit of a speed-up proportional to the word size. An alter-
nate representation, adapted from [2] uses integer encodings of 2n bits for each
boolean variable x0, . . . , xn−1. Bitvector operations are used to evaluate all value
combinations at once.

Proposition 1 Let xk be a variable for 0 ≤ k < n where n is the number
of distinct variables in a boolean expression. Then column k of the truth table
represents, as a bitstring, the natural number:

xk = (22n − 1)/(22n−k−1
+ 1) (1)

For instance, if n = 2, the formula computes x0 = 3 = [0, 0, 1, 1] and x1 = 5 =
[0, 1, 0, 1].

The following functions, working with arbitrary length bitstrings are used to
evaluate the [0..n-1] variables xk with formula 1 and map the constant 1 to the
bitstring of length 2n, 111..1:

var_n n k = var_mn (bigone n) n k

var_mn mask n k = mask ‘div‘ (2^(2^(n-k-1))+1)
bigone nvars = 2^2^nvars - 1

Variables representing truth tables specified as bitstring representations of natu-
ral numbers can be combined with the usual bitwise integer operators, to obtain
new bitstring truth tables, encoding all possible value combinations of their ar-
guments. Note that the constant 0 is represented as 0 while the constant 1 is
represented as 22n − 1, corresponding to a column in the truth table containing
ones exclusively.

We have seen that Natural Numbers in [0..22n − 1] can be used as represen-
tations of truth tables defining n-variable boolean functions. A binary decision
diagram (BDD) [1] is an ordered binary tree obtained from a boolean function,
by assigning its variables, one at a time, to 0 (right branch) and 1 (left branch).

3 Pairing/Unpairing

Let Nat denote the set of natural numbers (0 included). A pairing function is an
isomorphism f : Nat×Nat→ Nat. Its inverse is called an unpairing function.

We introduce here an unusually simple pairing function (also mentioned in [4],
p.142). The function bitpair works by splitting a number’s big endian bitstring
representation into odd and even bits, while its inverse bitunpair blends the
odd and even bits back together.

34



type Nat = Integer

data Nat2 = P Nat Nat deriving (Eq,Ord,Read,Show)

bitpair :: Nat2 → Nat

bitpair (P i j) =
set2nat ((evens i) ++ (odds j)) where

evens x = map (2∗) (nat2set x)

odds y = map succ (evens y)

bitunpair :: Nat→Nat2

bitunpair n = P (f xs) (f ys) where

(xs,ys) = partition even (nat2set n)

f = set2nat . (map (‘div‘ 2))

The functions set2nat and nat2set convert to/from natural numbers to lists
of exponents of 2 representing positions of bits=1.

nat2set n | n≥0 = nat2exps n 0 where

nat2exps 0 _ = []

nat2exps n x =
if (even n) then xs else (x:xs) where

xs=nat2exps (n ‘div‘ 2) (succ x)

set2nat ns = sum (map (2^) ns)

The transformation of the bitlists is shown in the following example with
bitstrings aligned:

∗BDD> bitunpair 2008

(60,26)

-- 2008:[0, 0, 0, 1, 1, 0, 1, 1, 1, 1, 1]

-- 60:[ 0, 1, 1, 1, 1]

-- 26:[ 0, 1, 0, 1, 1 ]

4 Pairing Functions and Encodings of Binary Decision
Diagrams

We show in this section that a Binary Decision Diagram (BDD) representing
the same logic function as an n-variable 2n bit truth table can be obtained by
applying bitunpair recursively to tt. More precisely, we show that applying
bitunpair results in a complete binary tree of depth n representing a BDD
that returns tt when evaluated applying its boolean operations.

The binary tree type BT has the constants B0 and B1 as leaves representing the
boolean values 0 and 1. Internal nodes (that represent if-then-else decision
points), are marked with the constructor D. We also add integers, representing
logic variables, ordered identically in each branch, as first arguments of D. The
two other arguments are subtrees that represent THEN and ELSE branches:
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data BT a = B0 | B1 | D a (BT a) (BT a) deriving (Eq,Ord,Read,Show)

The constructor BDD wraps together a tree of type BT and the number of logic
variables occurring in it.

data BDD a = BDD a (BT a) deriving (Eq,Ord,Read,Show)

4.1 Unfolding natural numbers to binary trees with bitunpair

The following functions apply bitunpair recursively, on a Natural Number tt,
seen as an n-variable 2n bit truth table, to build a complete binary tree of depth
n, that we represent using the BDD data type.

unfold_bdd :: Nat2 → BDD Nat

unfold_bdd (P n tt) = BDD n bt where

bt=if tt<max then shf bitunpair n tt

else error

("unfold_bdd: last arg "++ (show tt)++
" should be < " ++ (show max))

where max = 2^2^n

shf _ n 0 | n<1 = B0

shf _ n 1 | n<1 = B1

shf f n tt = D k (shf f k tt1) (shf f k tt2) where

k=pred n

P tt1 tt2=f tt

The examples below show results returned by unfold bdd for the 22n

truth
tables associated to n variables, for n = 2:

BDD 2 (D 1 (D 0 B0 B0) (D 0 B0 B0))

BDD 2 (D 1 (D 0 B1 B0) (D 0 B0 B0))

...

BDD 2 (D 1 (D 0 B1 B1) (D 0 B1 B1))

Note that no boolean operations have been performed so far and that we still
have to prove that such trees actually represent BDDs associated to truth tables.

4.2 Folding binary trees to natural numbers with bitpair

One can “evaluate back” the binary tree of data type BDD, by using the pairing
function bitpair. The inverse of unfold bdd is implemented as follows:

fold_bdd :: BDD Nat → Nat2

fold_bdd (BDD n bt) = P n (rshf bitpair bt) where

rshf rf B0 = 0

rshf rf B1 = 1

rshf rf (D _ l r) = rf (P (rshf rf l) (rshf rf r))

Note that this is a purely structural operation and that integers in first argument
position of the constructor D are actually ignored.

The two bijections, inverses of each other, work as follows:
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∗BDD>unfold_bdd (P 3 42)

BDD 3 (D 2

(D 1 (D 0 B0 B0)

(D 0 B0 B0))

(D 1 (D 0 B1 B1)

(D 0 B1 B0)))

∗BDD>fold_bdd it

42

4.3 Boolean Evaluation of BDDs

Practical uses of BDDs involve reducing them by sharing nodes and eliminating
identical branches [1]. Note that in this case bdd2nat might give a different result
as it computes different pairing operations. Fortunately, we can try to fold the
binary tree back to a natural number by evaluating it as a boolean function.

The function eval bdd describes the BDD evaluator:

eval_bdd (BDD n bt) = eval_with_mask (bigone n) n bt

eval_with_mask m _ B0 = 0

eval_with_mask m _ B1 = m

eval_with_mask m n (D x l r) =
ite_ (var_mn m n x) (eval_with_mask m n l) (eval_with_mask m n r)

The projection functions var mn defined in section 2 can be combined with the
usual bitwise integer operators, to obtain new bitstring truth tables, encoding
all possible value combinations of their arguments. Note that the constant 0
evaluates to 0 while the constant 1 is evaluated as 22n − 1 by the function
bigone.

The function ite used in eval with mask implements the boolean function
if x then t else e using arbitrary length bitvector operations:

ite_ x t e = ((t ‘xor‘ e).&.x) ‘xor‘ e

As the following example shows, it turns out that boolean evaluation eval bdd
faithfully emulates fold bdd!

∗BDD> unfold_bdd (P 3 42)

BDD 3 (D 2 (D 1 (D 0 B0 B0) (D 0 B0 B0))

(D 1 (D 0 B1 B1) (D 0 B1 B0)))

∗BDD> eval_bdd it

42

4.4 The Equivalence

We now state the surprising (and new!) result that boolean evaluation and struc-
tural transformation with repeated application of pairing produce the same re-
sult:
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Proposition 2 The complete binary tree of depth n, obtained by recursive ap-
plications of bitunpair on a truth table tt computes an (unreduced) BDD, that,
when evaluated, returns the truth table, i.e.

fold bdd ◦ unfold bdd ≡ id (2)

eval bdd ◦ unfold bdd ≡ id (3)

Proof. The function unfold bdd builds a binary tree by splitting the bitstring
tt ∈ [0..2n − 1] up to depth n. Observe that this corresponds to the Shannon
expansion [7] of the formula associated to the truth table, using variable order
[n− 1, ..., 0]. Observe that the effect of bitunpair is the same as

– the effect of var mn m n (n-1) acting as a mask selecting the left branch,
and

– the effect of its complement, acting as a mask selecting the right branch.

Given that 2n is the double of 2n−1, the same invariant holds at each step, as
the bitstring length of the truth table reduces to half.

We can thus assume from now on, that the BDD data type defined in section
4 actually represents BDDs mapped one-to-one to truth tables given as natural
numbers.

5 Ranking and Unranking of BDDs

One more step is needed to extend the mapping between BDDs with n variables
to a bijective mapping from/to Nat: we will have to “shift towards infinity” the
starting point of each new block3 of BDDs in Nat as BDDs of larger and larger
sizes are enumerated.

First, we need to know by how much - so we count the number of boolean
functions with up to n variables.

bsum 0 = 0

bsum n | n>0 = bsum1 (n-1)

bsum1 0 = 2

bsum1 n | n>0 = bsum1 (n-1)+ 2^2^n

The stream of all such sums can now be generated as usual4:

bsums = map bsum [0..]

∗BDD> genericTake 7 bsums

[0,2,6,22,278,65814,4295033110]

3 defined by the same number of variables
4 bsums is sequence A060803 in The On-Line Encyclopedia of Integer Sequences, http:
//www.research.att.com/~njas/sequences
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We can decompose n into the distance n-m to the last bsum m smaller than
n, and the index that generates the sum, k.

to_bsum n = (k,n-m) where

k=pred (head [x |x←[0..],bsum x>n])
m=bsum k

Unranking of an arbitrary BDD is now easy - the index k determines the number
of variables and n-m determines the rank. Together they select the right BDD
with unfold bdd and bdd.

nat2bdd n = unfold_bdd (P k n_m)

where (k,n_m)=to_bsum n

Ranking of a BDD is even easier: we shift its rank within the set of BDDs with
nv variables, by the value (bsum nv) that counts the ranks previously assigned.

bdd2nat bdd@(BDD nv _) = ((bsum nv)+tt) where

P _ tt =fold_bdd bdd

As the following example shows, bdd2nat implements the inverse of nat2bdd.

∗BDD> nat2bdd 42

BDD 3 (D 2 (D 1 (D 0 B0 B1) (D 0 B1 B0))

(D 1 (D 0 B0 B0) (D 0 B0 B0)))

∗BDD> bdd2nat it

42

We can now repeat the ranking function construction for eval bdd:

ev_bdd2nat bdd@(BDD nv _) = (bsum nv)+(eval_bdd bdd)

We can confirm that ev bdd2nat also acts as an inverse to nat2bdd:

∗BDD> ev_bdd2nat (nat2bdd 2008)

2008

5.1 Reducing the BDDs

We sketch here a simplified reduction mechanism for BDDs eliminating identical
branches. Note that the general mechanism involves DAGs and provides also
node sharing [1].

The function bdd reduce reduces a BDD by collapsing identical left and
right subtrees, and the function bdd associates this reduced form to n ∈ Nat.

bdd_reduce (BDD n bt) = BDD n (reduce bt) where

reduce B0 = B0

reduce B1 = B1

reduce (D _ l r) | l == r = reduce l

reduce (D v l r) = D v (reduce l) (reduce r)

unfold_rbdd = bdd_reduce . unfold_bdd

The results returned by unfold rbdd for n=2 are:
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BDD 2 (C 0)

BDD 2 (D 1 (D 0 (C 1) (C 0)) (C 0))

BDD 2 (D 1 (C 0) (D 0 (C 1) (C 0)))

BDD 2 (D 0 (C 1) (C 0))

...

BDD 2 (C 1)

We can now define the unranking operation on reduced BDDs

nat2rbdd = bdd_reduce . nat2bdd

To be able to compare its space complexity with other representations we
define a size operation on a BDD as follows:

bdd_size (BDD _ t) = 1+(size t) where

size B0 = 1

size B1 = 1

size (D _ l r) = 1+(size l)+(size r)

6 Generalizing BDD ranking/unrankig functions

6.1 Encoding BDDs with Arbitrary Variable Order

While the encoding built around the equivalence described in Prop. 2 between
bitwise pairing/unpairing operations and boolean decomposition is arguably as
simple and elegant as possible, it is useful to parametrize BDD generation with
respect to an arbitrary variable order. This is of particular importance when
using BDDs for circuit minimization, as different variable orders can make circuit
sizes flip from linear to exponential in the number of variables [1].

Given a permutation of n variables represented as natural numbers in [0..n−1]
and a truth table tt ∈ [0..22n − 1] we can define:

to_bdd vs tt | 0≤tt && tt ≤ m =
BDD n (to_bdd_mn vs tt m n) where

n=genericLength vs

m=bigone n

to_bdd _ tt = error

("bad arg in to_bdd⇒" ++ (show tt))

where the function to bdd mn recurses over the list of variables vs and applies
Shannon expansion [7], expressed as bitvector operations. This computes the
cofactor functions f1 and f0, to be used as then and else branches, when
evaluating back the BDD to a truth table with if-the-else functions.

to_bdd_mn [] 0 _ _ = B0

to_bdd_mn [] _ _ _ = B1

to_bdd_mn (v:vs) tt m n = D v l r where

cond=var_mn m n v

f0= (m ‘xor‘ cond) .&. tt

f1= cond .&. tt

l=to_bdd_mn vs f1 m n

r=to_bdd_mn vs f0 m n
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Proposition 3 The function to bdd builds an (unreduced) BDD corresponding
to a truth table tt for variable order vs that returns tt, when evaluated as a
boolean function.

We can reduce the resulting BDDs, and convert back from BDDs and reduced
BDDs to truth tables with boolean evaluation:

to_rbdd vs tt = bdd_reduce (to_bdd vs tt)

from_bdd bdd = eval_bdd bdd

6.2 Generating Random BDDs

Random generation of BDDs has practical uses in testing and benchmarking of
various electronic design automation tools and methodologies.

Deriving mechanisms for uniform generation of random instances is a classic
application of ranking/unranking functions. Given a one-to-one mapping to Nat
it reduces to the simpler problem of uniform generation of natural numbers in a
given interval.

After customizing Haskell’s library random generator

nrandom_nats smallest largest n seed=
genericTake n

(randomRs (smallest,largest) (mkStdGen seed))

one can define:

nrandom converter smallest largest n seed =
map converter (nrandom_nats smallest largest n seed)

To generate 3 small instances of reduced BDD mapped to natural numbers
from 10 to 20 one can write:

∗BDD> nrandom nat2rbdd 10 20 3 77

[ BDD 2 (D 1 (D 0 B1 B0) B1),

BDD 2 (D 1 (D 0 B0 B1) B1),

BDD 2 (D 0 B0 B1)]

One can see the average size reduction from BDDs to reduced BDDs with
something like:

∗BDD> sum $ map bdd_size $ nrandom nat2bdd 1000 2000 10 7

320

∗BDD> sum $ map bdd_size $ nrandom nat2rbdd 1000 2000 10 7

194

Needless to say, one might notice the compactness and elegance of a declara-
tive language like Haskell for such ad-hoc tasks, recommending it as a powerful
scripting language for electronic design automation tools.
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7 Related work

Pairing functions have been used for work on decision problems as early as [5].
BDDs are the dominant boolean function representation in the field of circuit

design automation [3]. BDDs have also been used in a Genetic Programming
context [6] as a representation of evolving individuals subject to crossovers and
mutations expressed as structural transformations.

8 Conclusion and Future Work

The surprising connection of bitstring based pairing/unpairing functions and
to BDDs came out as the indirect result of implementation work on a number
of practical applications. Our initial interest has been triggered by applications
of the encodings to combinational circuit synthesis [8, 9] and ongoing work on
genetic programming algorithms.

Given the connection between BDDs to boolean and finite domain constraint
solvers it would be interesting to explore in that context, efficient succinct data
representations derived from our BDD encodings.
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4. S. Pigeon. Contributions à la compression de données. Ph.d. thesis, Université de
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