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The Goal

We needto querymathematicaldigital librariesto retrieve de�nitions, axioms
andprovedstatements.

Query-by-name: totally unreliableandnotuseful; very quick
Query-by-keyword+dc: it usedto betheonly practicalway thoseold times
whendocumentswhereunstructured; not precise,but veryquick
Query-by-matching: it worksfor formalmathematicsandfor structured
mathematics(contentlevel) ; super-linearin thesizeof thelibrary ; still not
precise:

vs

Query-up-to-*: requiresa decidableequivalencerelation; super-linearin the
sizeof thelibrary; it mayinteractbadlywith theunderlyingconversionrules
(e.g.extensionalequalityvs intensionalequality)
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The Problem
�

In practiceweneedto combineall of theabove methods.

Someof themaresuper-linearin thesizeof thelibrary.
Thelibrariesaresupposedto behuge(e.g.Coqlibrary is about40.000
objectsandit holdsonly avery few mathematicalnotions).
Hugelibrariesaresupposedto bedistributed.
WE CAN NOT ITERATE OVER THE LIBRARY
Onesolutionin theliterature: TermIndexing Techniques

storeall thetermsin adata-structurethatmaximizessharing
naturallyexploit thesharingto speed-upuni�cation andmatching
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The Solution

We canadopta two-phasesapproach: �ltering + matching
�

data-miningondata: [BATCH] Weextractfrom everymatchabletypeaset
of metadatawhicharerelatedto thekind of matchweareinterestedin.

data-miningon thepattern: We extractfrom thepatternanincompletesetof
constraintson thecomputedmetadata.
�ltering : Wecomputethesetof objectsin thelibrary whosemetadatasatisfy
theabove constraints.
matching: We iteratethematchingoperationonly on thecomputedsetof
candidates.

If the�ltering operationis bothquickandcorrectandthesetof candidatesis
smallweachieve bothaccuracy andperformance.



The Solution

We canadopta two-phasesapproach: �ltering + matching
�

data-miningondata: [BATCH] Weextractfrom everymatchabletypeaset
of metadatawhicharerelatedto thekind of matchweareinterestedin.

�

data-miningon thepattern: We extractfrom thepatternanincompletesetof
constraintson thecomputedmetadata.

�ltering : Wecomputethesetof objectsin thelibrary whosemetadatasatisfy
theabove constraints.
matching: We iteratethematchingoperationonly on thecomputedsetof
candidates.

If the�ltering operationis bothquickandcorrectandthesetof candidatesis
smallweachieve bothaccuracy andperformance.



The Solution

We canadopta two-phasesapproach: �ltering + matching
�

data-miningondata: [BATCH] Weextractfrom everymatchabletypeaset
of metadatawhicharerelatedto thekind of matchweareinterestedin.

�

data-miningon thepattern: We extractfrom thepatternanincompletesetof
constraintson thecomputedmetadata.

�

�ltering : Wecomputethesetof objectsin thelibrary whosemetadatasatisfy
theabove constraints.

matching: We iteratethematchingoperationonly on thecomputedsetof
candidates.

If the�ltering operationis bothquickandcorrectandthesetof candidatesis
smallweachieve bothaccuracy andperformance.



The Solution

We canadopta two-phasesapproach: �ltering + matching
�

data-miningondata: [BATCH] Weextractfrom everymatchabletypeaset
of metadatawhicharerelatedto thekind of matchweareinterestedin.

�

data-miningon thepattern: We extractfrom thepatternanincompletesetof
constraintson thecomputedmetadata.

�

�ltering : Wecomputethesetof objectsin thelibrary whosemetadatasatisfy
theabove constraints.

�

matching: We iteratethematchingoperationonly on thecomputedsetof
candidates.

If the�ltering operationis bothquickandcorrectandthesetof candidatesis
smallweachieve bothaccuracy andperformance.



The Solution

We canadopta two-phasesapproach: �ltering + matching
�

data-miningondata: [BATCH] Weextractfrom everymatchabletypeaset
of metadatawhicharerelatedto thekind of matchweareinterestedin.

�

data-miningon thepattern: We extractfrom thepatternanincompletesetof
constraintson thecomputedmetadata.

�

�ltering : Wecomputethesetof objectsin thelibrary whosemetadatasatisfy
theabove constraints.

�

matching: We iteratethematchingoperationonly on thecomputedsetof
candidates.

If the�ltering operationis bothquickandcorrectandthesetof candidatesis
smallweachieve bothaccuracy andperformance.



UseCase1 : Lemma That Can BeApplied (1/5)

We wantto know which theoremscanbeappliedto prove agivengoal.

We restrictourselvesto thecaseof �rst ordermatching(i.e. justoneequation
hasmetavariablesin it andall thetermsarerigid).
Example: matches
Example: doesnotmatch
We identify thefollowing setof metadata(bothon thedataandon the
patterns):

Theconstantin headpositionin theconclusion(if any)
Thelist of constantsin otherpositionsin theconclusion
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UseCase1 : Lemma That Can BeApplied (2/5)
�

Thequery“give meall thetheoremswhosemetadataareasubsetof the
constraints”is completebut noteffective (to checktheconditionwehave to
iterateover thewholelibrary)

We tradecompletenessfor ef�ciency introducingtwo setsof constraints:
“Only” Constraints: they aretheconstraintsseenbefore.We look for
theoremswhosemetadataaresubsetsof the“only” constraints.
“Must” Constraints: they area subsetof the“only” constraints.We look
for theoremswhosemetadataarea supersetof the“must” constraints.
Their computationis very ef�cient.
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UseCase1 : Lemma That Can BeApplied (4/5)

The(simpli�ed) querygeneratedfor :
Must :

�

� Only :

�

�

�

� �

let S =
selectevery t in thelibrary suchthat

t.head= '

�

' and' � ' occursin t.in_conclusion
in

selectevery t in S suchthat
t.in_conclusionsubsetof {

�

, �

�

�

�

�

�

� }

The�rst selectrequiresaqueryto theDB for eachconstraintin themustlist.
(Cheap)
Thesecondselectrequiresa queryto theDB for eachobjectin theresultof the
�rst query. (Expensive if the“must” constraintsarenot tight.)
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UseCase2 : Elimination Principles (1/4)

We wantto know whicharetheeliminationprinciplesavailablefor agiven
datatype/propositioninductively de�ned.

We restrictourselvesto thoseeliminationprincipleson whoseshapeis :

Example(inductionprinciple):

Example(even-oddcomplementarity):
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UseCase2 : Elimination Principles (2/4)
�

We extractfrom thepatternthefollowing setof constraints:
� Theexactsortof thepropertyweareinterestedin.

Thefactthatit mustoccurin theheadpositionof anhypothesiswhich is a
productof length1.
Thefactthatthetypemustoccurin theheadpositionof anhypothesis
which is a productof length0 andandalsoin anotherhypothesis(not in
mainposition).
Thefactthattheheadof theconclusionmustbeanoccurrenceof abound
variable(aRel).

nat, Prop(1), nat(0), Rel(_) “must” constraints

Sinceany otherconstantcanappearin thestatement(e.g.Even/Odd),wedo
not imposeany “only” constraints.



UseCase2 : Elimination Principles (2/4)
�

We extractfrom thepatternthefollowing setof constraints:
� Theexactsortof thepropertyweareinterestedin.

� Thefactthatit mustoccurin theheadpositionof anhypothesiswhich is a
productof length1.

Thefactthatthetypemustoccurin theheadpositionof anhypothesis
which is a productof length0 andandalsoin anotherhypothesis(not in
mainposition).
Thefactthattheheadof theconclusionmustbeanoccurrenceof abound
variable(aRel).

nat, Prop(1), nat(0), Rel(_) “must” constraints

Sinceany otherconstantcanappearin thestatement(e.g.Even/Odd),wedo
not imposeany “only” constraints.



UseCase2 : Elimination Principles (2/4)
�

We extractfrom thepatternthefollowing setof constraints:
� Theexactsortof thepropertyweareinterestedin.

� Thefactthatit mustoccurin theheadpositionof anhypothesiswhich is a
productof length1.

� Thefactthatthetypemustoccurin theheadpositionof anhypothesis
which is a productof length0 andandalsoin anotherhypothesis(not in
mainposition).

Thefactthattheheadof theconclusionmustbeanoccurrenceof abound
variable(aRel).

nat, Prop(1), nat(0), Rel(_) “must” constraints

Sinceany otherconstantcanappearin thestatement(e.g.Even/Odd),wedo
not imposeany “only” constraints.



UseCase2 : Elimination Principles (2/4)
�

We extractfrom thepatternthefollowing setof constraints:
� Theexactsortof thepropertyweareinterestedin.

� Thefactthatit mustoccurin theheadpositionof anhypothesiswhich is a
productof length1.

� Thefactthatthetypemustoccurin theheadpositionof anhypothesis
which is a productof length0 andandalsoin anotherhypothesis(not in
mainposition).

� Thefactthattheheadof theconclusionmustbeanoccurrenceof abound
variable(aRel).

nat, Prop(1), nat(0), Rel(_) “must” constraints

Sinceany otherconstantcanappearin thestatement(e.g.Even/Odd),wedo
not imposeany “only” constraints.



UseCase2 : Elimination Principles (2/4)
�

We extractfrom thepatternthefollowing setof constraints:
� Theexactsortof thepropertyweareinterestedin.

� Thefactthatit mustoccurin theheadpositionof anhypothesiswhich is a
productof length1.

� Thefactthatthetypemustoccurin theheadpositionof anhypothesis
which is a productof length0 andandalsoin anotherhypothesis(not in
mainposition).

� Thefactthattheheadof theconclusionmustbeanoccurrenceof abound
variable(aRel).

�

� �

� �� �

�

� �

�

�

�
�

�

� ��
�




�

�




nat, Prop(1), nat(0), Rel(_) “must” constraints

Sinceany otherconstantcanappearin thestatement(e.g.Even/Odd),wedo
not imposeany “only” constraints.



UseCase2 : Elimination Principles (2/4)
�

We extractfrom thepatternthefollowing setof constraints:
� Theexactsortof thepropertyweareinterestedin.

� Thefactthatit mustoccurin theheadpositionof anhypothesiswhich is a
productof length1.

� Thefactthatthetypemustoccurin theheadpositionof anhypothesis
which is a productof length0 andandalsoin anotherhypothesis(not in
mainposition).

� Thefactthattheheadof theconclusionmustbeanoccurrenceof abound
variable(aRel).

�

� �

� �� �

�

� �

�

�

�
�

�

� ��
�




�

�




nat, Prop(1), nat(0), Rel(_) “must” constraints

Sinceany otherconstantcanappearin thestatement(e.g.Even/Odd),wedo
not imposeany “only” constraints.



UseCase2 : Elimination Principles (2/4)
�

We extractfrom thepatternthefollowing setof constraints:
� Theexactsortof thepropertyweareinterestedin.

� Thefactthatit mustoccurin theheadpositionof anhypothesiswhich is a
productof length1.

� Thefactthatthetypemustoccurin theheadpositionof anhypothesis
which is a productof length0 andandalsoin anotherhypothesis(not in
mainposition).

� Thefactthattheheadof theconclusionmustbeanoccurrenceof abound
variable(aRel).

�

� �

� �� �

�

� �

�

�

�
�

�

� ��
�




�

�




nat, Prop(1), nat(0), Rel(_)

“must” constraints

Sinceany otherconstantcanappearin thestatement(e.g.Even/Odd),wedo
not imposeany “only” constraints.



UseCase2 : Elimination Principles (2/4)
�

We extractfrom thepatternthefollowing setof constraints:
� Theexactsortof thepropertyweareinterestedin.

� Thefactthatit mustoccurin theheadpositionof anhypothesiswhich is a
productof length1.

� Thefactthatthetypemustoccurin theheadpositionof anhypothesis
which is a productof length0 andandalsoin anotherhypothesis(not in
mainposition).

� Thefactthattheheadof theconclusionmustbeanoccurrenceof abound
variable(aRel).

�

� �

� �� �

�

� �

�

�

�
�

�

� ��
�




�

�




nat, Prop(1), nat(0), Rel(_) “must” constraints

Sinceany otherconstantcanappearin thestatement(e.g.Even/Odd),wedo
not imposeany “only” constraints.



UseCase2 : Elimination Principles (3/4)

The(very simpli�ed) querygeneratedfor :
Must : nat, Prop(1), nat(0), Rel(_)

selectevery t in thelibrary suchthat
Propoccursin headpositionat depth1

in anhypothesisof t and
' ' occursin headpositionat depth0

in anhypothesisof t and
' ' occurs not in headposition

in anhypothesisof t and
a boundvariableoccursin headposition

in theconclusionof t

Thenumberof queriesto theunderlingDB is �x ed(thusthequeryis cheap).
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UseCase2 : Elimination Principles (4/4)

Demo



The GeneralCase(1/3)

We startfrom apatternandwe identify thefollowing setof constraints:
�

For eachoccurrenceof a constant,its position
�

�

MainConclusion, InConclusion, MainHypothesis, InHypothesis

�

andits
URI

For eachoccurrenceof a boundvariable,its position
MainConclusion, MainHypothesis

For eachoccurrenceof a sort,its position MainConclusion,
MainHypothesis andits type Prop,Set,Type
For eachoccurrence

MainConclusion, MainHypothesis wealsorecordits depth, i.e. the
numberof productsin thetype/hypothesis

Set(0), Prop(1), Rel(3), re�exive(3)
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The GeneralCase(2/3)
�

A. Thewantedobjectsmusthave a referenceto agivenobjectR (or to a
givenprimitive constantSor to aboundvariable)in agivenpositionP with a
givendepthindex D.

�

B. Thewantedobjectsmayhave a referenceto anobject(or to a primitive
constantor to aboundvariable)only if its positionis not includedin agiven
setU of positions,or if it concernsa givenobjectR (or aprimitive constant
S,or aboundvariable)in a givenpositionPwith agivendepthindex D.

TheparametersR, S,P, D, U areoptional.



The GeneralCase(3/3)

We alwaysgeneratethequeryin a uniformway. Differentresultsareobtained
imposingdifferentsubsetsof theconstraints:

�

UseCase1 : Searchingfor a lemma.We impose“must” and“only”
constraintsonly onconstantsandonly on theconclusion.

UseCase2 : Searchingfor aninductionprinciple.We imposeonly the
“must” constraints.We relaxtheconstrainton thedepthof theRel in
MainConclusionto any depth.
UseCase3 : Searchingfor relationsor functions.Demo
UseCase4 : Generalconcepts.Demo
UseCase5 : Otherqueries?

Thereareseveralotherqueriesthatarenot instantiationof thisgeneralpattern,
but thatcanbeexpressedin theunderlyingquerylanguage.
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ComparisonWith Term Indexing Techniques
�

e.g.discriminationtrees,substitutiontrees,codedcontext trees
�

Not incompatible: they arethelimit caseof ourapproach

TermIndexing Techniques:
Moresharing lessstoragespacerequired
Uni�cation : speed-upof oneorderof magnitude
Complex data-structures requiread-hocimplementations

Approachbasedon Metadata:
A very light approximationin astandardformat(RDF triples) wecan
adoptstandardDB technology(relationalDB)
Transparentdistributionachievablevia distributedDBs
Doesnotsupportuni�cation only : anopenmodelto independentlyadd
new metadata,spidersandclients(e.g.queryup-to-isomorphisms)
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