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Abs This paper discusses e periments ith an agent oriented ap

proach to automated and interactive reasoning The approach combines

ideas from t o sub elds of I theorem proving proof planning and

multi agent systems and makes use of state of the art distribution tech

ni ues to decentralise and spread its reasoning agents over the internet

It particularly supports cooperative proofs bet een reasoning systems
hich are strong in di erent application areas, e g, higher order and
rst order theorem provers and computer algebra systems

he last de ade has seen a de elopment of arious reasoning s stems hi h are
spe ialised in spe i problem domains heorem pro ing ontests, su h as the
annual C SC! ompetition, ha e sho n that these s stems t pi all perform
ell in their parti ular ni hes but often do poorl in others, or are not e en
appli able outside their spe i ni he hereas man hard ired integrations
of reasoning s stems ha e been sho n to be fruitful, rather fe ar hite tures
ha e been dis ussed so far that tr to e tend the appli ation range of reasoning
s stems b a e ible integration of a ariet of spe ialist s stems
his paper dis usses the implementation of e periments ith an agent ori
ented reasoning approa h, hi h has been presented as a rst idea in BJKS
he s stem ombines di erent reasoning omponents su h as spe ialised higher
order and rst order theorem pro ers, model generators, and omputer algebra
s stems templo s a lassi al natural dedu tion al ulus in the ba kground to
bridge gaps bet een sub proofs of the single omponents as ell as to guarantee
orre tness of onstru ted proofs he long term goal is to iden the range of
me hanisable mathemati s b allo ing a e ible ooperation bet een spe ialist
s stems his seems to be best a hie edb an agent based approa h for a number
of reasons irstl , from a soft are engineering point of ie it o ersa e ible
a to integrate s stems Se ondl , and more importantl , the agent oriented
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approa h enables a e ible proof sear h  his means that ea h single s stem
in form of an agent  an fo us on parts of the problem it is good at, ithout
the need to spe if a priori a hierar h of alls o e er, e still fo us on the
onstru tion of a single proof obje t and emplo a entralised bla kboard stru
ture for ommuni ation herefore our agents mainl a t as kno ledge sour es
to bla kboards, and our notion of agenthood is thus rather eak ompared to
de nitions of this term in some of the literature  ei he agents of our
s stem an be des ribed as autonomous agents apable of negotiation o e er,
e tensi e ommuni ation amongst the agents is urrentl also a eakness of our
s stem, sin e too man resour es are spent on ommuni ation en e, a future
goal is to subse uentl redu e this o erhead b e tending the agents reasoning
apabilities and also b de entralising the approa h  dis ussion of parti ular
agenthood aspe ts of our agents ill be gi en in Se tion
sing the agent paradigm enables us to o er ome man limitations of stati
and hard ired integrations urthermore, the agent based frame ork helps us
to dese uentialise and distribute on eptuall independent reasoning pro esses
as mu h as possible n ad antage o er hard ired integrations or e en re
implementations of spe ialised reasoners is that it makes the reuse of e isting
s stems possible e en ithout the need for a lo al installation of these s stems
essing e ternal s stems is or hestrated b pa kages like J
or the logi broker ar hite ture rom the perspe ti e of these infrastru
ture pa kages our ork an be seen as an attempt to make strong use of their
s stem distribution features
elated agent based theorem pro ings stems like , , , ol |
is  ha e demonstrated the feasibilit and usefulness of agent oriented theorem
pro ing ur approa h di ers from pre ious ork in arious aspe ts he main
di eren e is that e are interested in ombining heterogeneous s stems, hile
e ant to maintain a uniform representation of the o erall proof attempt in
natural dedu tion st le he proof results are e pli itl represented in the ore
s stem in a higher order natural dedu tion al ulus he ore s stem is built
on top of the proof de elopment en ironment BC and its logi
is a sorted higher order logi based on Chur hs simpl t ped al ulus f
full natural dedu tion translation pa kages for integrated e ternal reasoners are
a ailable, then the proof ontributions of these s stems an be eri edin the ore
s stem n asethe arenot a ailable, then e hoose ad ho representations and
urrentl trust that these s stems are orre t o e er, in ontrast to se eral
other resear hers e belie e that trust is not enough in the longrun e aim to
add further translation mappings for e ternal reasoners hi h ill translate their
ontributions into the natural dedu tion al ulus ranslating or representing
e ternal results in a uniform ore s stem has also ad antages ith respe t to
the human omputer interfa e nstead of dealing ith se eral representation
formalisms our approa h enables the user to anal se and sele t ontributions of
e ternal reasoners in the natural dedu tion al ulus of the ore s stem
ur s stem urrentl uses about one hundred agents he are split in se
eral agent so ieties here ea h so iet is asso iated ith one natural dedu tion
rule ta ti of the base al ulus his agent set is e tended b further agents
en apsulating e ternal reasoners he en apsulation ma be a dire t one in ase
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of lo all installed e ternal s stems, or an indire t one ia the frame
ork, hi h fa ilitates their distribution o er the internet mplo ing numerous
agents, amongst them po erful theorem pro ers hi h are omputationall e
pensi e, re uires su ient omputation resour es en e, it is ru ial to build
the hole s stem in a ustomisable and resour e adapti e a  he former is
a hie edb pro iding a de larati e agent spe i ation language and me hanisms
supporting the de nition, addition, or deletion of reasoning agents as ell as
some other proof sear h riti al omponents and heuristi s e en at run time
or the latter, the agents in our frame ork an monitor their o n performan e,
an adapt their apabilities, and an ommuni ate to the rest of the s stem their
orresponding resour e information his enables e pli it albeit urrentl still
rudimentar resour e reasoning, fa ilitated b a spe ialised resour e agent, and
pro ides the basi stru tures for resour e adapti e theorem pro ing
he rest of the paper is stru tured as follo s Se tion presents the main

omponents of the s stem ar hite ture periments ith the ar hite ture are
sket hed in Se tion  n Se tion e pro ide an o er ie of the features of our
approa h and dis uss related ork on lusion outlook is gi en in Se tion

he s stem ar hite ture of our s stem is depi ted in ig he ore of the
s stem is ritten in llegro Common isp and emplo s its multi pro essing
fa ilities he hoi e of Common isp is due the fa t that , our base
s stem, is implemented in this programming language on eptuall it an be
implemented in an multi pro essing frame ork
nitial problems, partial proofs as ell as ompleted proofs are represented
in the CS  and the natural dedu tion infrastru ture
pro ided b the ores stem, BC



ur approa h builds on the

BS as area ti e, resour e adapti e basis la er of our frame ork riggered
b hanges in the proof data stru ture this me hanism d nami all omputes
appli able ommands ith their parti ular parameter instantiations and alls
e ternal reasoners into the urrent proof state n important aspe t is that all
agent omputations in this me hanism are de se uentialised and distributed

he idea of this rea ti e la er is to re ei e results of ine pensi e omputations
e g, the appli abilit of natural dedu tion rules wui kl  hile e ternal rea
soners sear h for their respe ti e proof steps ithin the limits of their a ailable
resour es, until a suggested ommand is sele ted and e e uted spe ial re
sour e agent re ei es performan e data from the agents, hi h monitor their
o n performan e, in order to adjust the s stem at run time euristi riteria
are used to d nami all lter and sort the list of generated suggestions he are
then passed to the sele tor and or the user e gi e here some sensible heuristi
riteria  oes a suggestion lose a subgoal s a subgoal redu ed to an essen
tiall simpler onte t e g, redu tion of higher order problems to rst order or
propositional logi oes a suggestion represent a big step in the sear h tree
proof ta ti s methods or a small step base al ulus rules s the suggestion
goal dire ted o man ne subgoals are introdu ed

gents as ell as heuristi riteria an be added deleted modi ed at run
time uetola k of spa e annot be des ribed here in detail for this e
refer the reader to BS

pro ides agents for the basi natural dedu tion al ulus omputa
tions t also pro ides agents in oking additional proof ta ti s methods and e
ternal reasoning s stems he latter are alled indire tI  ia the
s stem e ha ee tended the approa h from BS in the onte t of our ork
to be able to integrate partial proofs as results from the e ternal reasoning s s
tems into the o erall proof as ell as to store di erent alternati e subproofs
simultaneousl Moreo er, e e tended s graphi al user interfa e
to be able to displa di erent subproofs of e ternal reasoners as hoi es for the
user

he realises alls to e ternal reasoners hi h ma be dis

tributed o er the internet n our most re ent e periments ee tensi el tested
the ne s stem hi h is based on a multi broker ar hite ture

a h broker has kno ledge about its dire tl a essible reasoning s stems, and
also about urls to other brokers on the internet or e ample,
in our e periments e gained a ess to the omputer algebra s stem
running in Saarbrii ken simpl b informing the Birmingham broker

hi h for li ense reasons annot lo all o er a ser i e about the e is
ten e and url of the Saarbrii ken broker he Saarbrii ken broker then onne ts
the Birmingham broker indire t1  ith the ser i e Currentl our s s
tem links up ith the omputer algebra s stems and running in
Saarbrii ken, and lo all  ith the higher order theorem pro ers and ,
the rst order theorem pro er emplo ed also as our propositional logi
spe ialist , and emplo ed as a model generator is de
s ribed in detail in J



n e the rea ti e suggestion me hanism d nami all updates and heuris
ti all sorts the list of suggestions, hi h are ommands together ith their
parti ular parameter instantiations, it passes the list on to the ts
main task is to automati all e e ute the heuristi all preferred ommand, and
hen e, initiate an update of the proof data stru ture urthermore, the sele tor
stores the non optimal, alternati e ommand suggestions in a spe ial store he
information in this store is used hen ba ktra king to a pre ious state in the
proof data stru ture be omes ne essar nstead of a omplete initialisation the
rea ti e suggestion me hanism is then simpl initialised ith the alread om
puted ba ktra king information for the urrent proof onte t Ba ktra king is

aused hen the rea ti e la er produ es no suggestions or hen a user de ned
ma imal depth? in the proof data stru ture is rea hed

he maintains ba ktra king information for the proof data
stru ture his information in ludes representations of the suggestion omputa
tions that ha e been pre iousl omputed but not e e uted dditionall the
store maintains the results of e ternal s stem alls modulo their translation in
the ore natural dedu tion al ulus hat is, the immediate translation of e ter
nal s stem results is also done b the rea ti e suggestion la er, and the results
of these omputations are memorised for ba ktra king purposes as ell f the
s stem or the user sele ts to appl the result of an e ternal s stem, the proof
data stru ture is updated ith the translated proof obje t uture ork ill in

lude in estigating hether the ba ktra k store should be merged ith the proof

data stru ture he idea is that ea h single node in a proof dire tl maintains
its ba ktra king alternati es instead of using an indire t maintenan e 1ia the
ba ktra king store

he tasks of the in our frame ork are

o0 isualise the wurrent proof data stru ture and to ease intera ti e proof
onstru tion or this purpose e emplo s graphi al user interfa e
S B

o d nami all present to the user the set of suggestions, hi h pop up
from the rea ti e la er to the user, and to pro ide support for anal sing
or e e uting them his is realised b stru tured and d nami all updated
pop up indo sin

o pro ide graphi al support for anal sing the results of e ternal s stems,
that is, to displa their results after translation representation in the proof

data stru ture e a hie e this b e tending so that it an s it h
bet een the global proof data stru ture andlo all o eredresultsb e ternal
S stems

o support the user in intera ting ith the automated me hanism and in
ustomising agent so ieties at run time

rom an abstra t perspe ti e, our s stem realises proof onstru tionb going
through a le hi h onsists of assessing the state of the proof sear h pro ess,
e aluating the progress, hoosing a promising dire tion for further sear h and

% Tterative deepening proof search rt to the ma imal depth is conceptually feasible
but not realised yet



redistributing the a ailable resour es a ordingl fthe urrent sear h dire tion
be omes in reasingl less promising then ba ktra king to pre ious points in the
sear h spa eis possible nl su essful or promising proof attempts are allo ed
to ontinue sear hing for a proof his pro ess is repeated until a proof is found,
or some other terminating ondition is rea hed

n this se tion ereportone periments e ondu ted ithours stem todemon
strate the usefulness of a e ible ombination of di erent spe ialised reasoning
s stems mong others e e amined di erent problem lasses

Set e amples hi h demonstrate a ooperation bet een higher order and
rst order theorem pro ers or instan e, pro e

Set e uations hose alidit in alidit is de ided in an interpla of a natu

ral dedu tion al ulus ith a propositional logi theorem pro er and model

generator or instan e, pro e or refute

a .
b

Con rete e amples about sets o er naturals here a ooperation ith a
omputer algebra s stem is re uired or instan e and stand for

the greatest ommon di isor and the least ommon multiple

his set is represented b the lambda e pression

amples from group theor and algebra for hi h a goal dire ted natural

dedu tion proof sear h is emplo ed in ooperation ith higher order and
rst order spe ialists to pro e e ui alen e and uni ueness statements hese

are for instan e of the form

ere and refers to a de nition of a group and a monoid,
respe ti el is a predi ate stating that e er
element of has an in erse element ith respe t to the operation and
the identit itself is a a to refer to that uni ue

element of  that has the identit propert

e ill sket hin the follo ingho the problem lasses are ta kled in our s stem
in general and ho the proofs of the on rete e amples ork in parti ular

he rst t pe of e amples is moti ated b the short omings of e isting higher
order theorem pro ers in rst order reasoning or our e periments e used
the s stem BK , a higher order resolution pro er, hi h spe ialises in
e tensionalit reasoning and is parti ularl su essful in reasoning about sets
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gent based cooperation bet een and
nitialised ith a set problem tries to appl e tensionalit reasoning in

a goal dire ted a n an initial set of higher order lauses, it often wui kl
deri es a orresponding set of essentiall rst order lauses epending on the
number of generated rst order and other higher order lauses ma get
stu k in its reasoning pro ess, although the subset of rst order lauses ould be
easil refuted b a rst order spe ialist

or our e amples the ooperation bet een and the rst order spe ialist
orks as depi ted in ig he initial problem representation in the
proof data stru ture is des ribed in art of ig he initialisation triggers

the agents of the rea ti e suggestion la er hi h start their omputations in
order to produ e suggestions for the ne t proof step

he agent orking for rst he ks if there is an information from the
resour e agent that indi ates that should sta passi e f not, it he ks
hether the goal is suitable for b testing if it is a higher order problem
n ase the problem is higher order the agent passes the initial problem onsisting
of the goal and the assumptions 1 to hile orking on the
input problem as indi ated b the shaded o alin art of ig deri es
among others arious essentiall rst order lauses eg, 1 or

the parti ular t pe of ooperation des ribed here, it is important that after a
hile this subset be omes large enough to be independentl refutable f after
onsuming all the resour es made a ailable b the rea ti e suggestion la er

still fails to deli er a ompleted proof, it then o ers a partial proof onsisting of

a subset of rst order and essentiall rst order lauses after translation into

prene normal form,eg, . , here the are disjun tions of
the literals of and ~ stands for the se uen e of all free ariables in the s ope
n ase s suggestion ins o er the suggestions omputed b other agents,

its partial result is represented in the proof data stru ture and the rea ti e
suggestion me hanism is immediatel triggered again to ompute a suggestion

for the ne t possible proof step Sin e s partial result isno thene subgoal
of the partial proof, rst order agents, like the one orking for , anpik
it up and ask to pro e it see art of ig f signals a

By essentially rst order e mean a clause set that can be tackled by rst order
methods It may still contain higher order variables, though



su essful proof attempt before onsuming all its gi en resour es, its resolution
proof is passed to the natural dedu tion translation module Mei
hi h transforms it into a proper natural dedu tion proof on an assertion le el
e e perimented ith simple e amples, that is, e amples that an be
automati all pro edb alone heresults sho edthat the ommande e u
tion inter al hosenb the sele toris ru ial,sin eit determines the omputation
time made a ailable to the e ternal s stems

f issu ientl high, then the problem is automati all pro ed b

in ase of simple e amples that an be sol ed b alone

f isnotsu ient for to ome up ith a proof, but still enough to pro
du e a refutable subset of essentiall rst order lauses, then a ooperati e
proof is onstru ted as des ribed abo e

f isnotsu ient toe en guarantee a subset of refutable essentiall  rst
order lauses, then the problem is ta kled purel on natural dedu tion le el,
ho e er not ne essaril su essfull

e also sol ed se eral e amples hi h annot be sol ed ith alone ne
of them is the on rete e ample gi en abo e, hi h, to our kno ledge, annot
be easil sol ed b a single automated theorem pro er n our e periments,

alone ran out of memor for the abo e problem formulation, and
alone ould not nd a proof after running hours in auto mode on a rst
order formulation of the problem f ourse an appropriate reformulation of the
problem an make it simple for s stems like

he se ond t pe of set e amples illustrates a ooperation bet een automated
natural dedu tion agents, a propositional pro er and a model generator he
proofsfollo a ell kno nset theoreti proof prin iple the are onstru ted rst
b appli ation of simple natural dedu tion agents that redu e the set e uations
b appl ing set e tensionalit and de nition e pansion to a propositional logi
statement  his statement is then pi ked up b an agent orking for a propo
sitional logi pro er here e use again en apsulated in another agent
shell ith a slightl modi ed appli abilit he k and a di erent representation
translation approa h and a ounter e ample agent hi h emplo s
he logi statement is then either pro ed or refuted hus, alid and in alid
statements are ta kled analogous! in all but the last step
n ase a of our on rete e amples se eral uni ersal wuanti ation
introdu tion in ba k ard reasoning appli ations introdu e
asne open subgoal Set e tensionalit gi esus .
further  appli ation and subse uent de nition e pansions
here . , . , and
redu e this goal nall to

hile already supports the transformation of various machine oriented rst
order proof formats, further ork ill include its e tension to higher order logic,
such that also the proof step usti edin Fig 2 ith E derivation can be properly
e panded into a veri able natural deduction proof



hi h ontains no ariablesand hi hisa tri ial task for an propositional logi
proer n ase b e analogousl deri e
, but instead of emplo ing the propositional pro er, the s stem no
uses a model generator hi h presents the ounter model hat
is, it points to the set of all su h that , , but en e, the
model generator omes up ith a ounter e ample to the e pression in b
uture ork in ludes integrating fa ilities for the isualisation of these ounter
e amples b Venn diagrams in
e ha e e perimented ith an automati all and s stemati all generated

testbed onsisting of possible set e uations in ol ing , operations
up to nesting depth of in ma imall ariables e lassi ed e amples
ith our s stem dis o ering orre t and false statements aturall ,

the orre t statements are probabl also sol able ith the ooperation of
and

he ne t t pe of e amples has ross domain hara ter and re uires a ombi
nation of domain spe i s stems n order to ta kle them e added a sim
pli ation agent hi h links the omputer algebra s stem to our ore
s stem s an appli ation ondition this agent he ks hether the urrent sub
goal ontains ertain simpli able e pressions f so, then it simpli es the sub

goal b sending the simpli able subterms eg, ia

to and repla es them ith the orresponding simpli ed terms
eg, en e, the ne subgoal suggested b the simpli ation agent
is . . . Sin e no other agent
omes up ith a better alternati e, this suggestion is immediatel sele ted and
e e uted Subse uentl , the agent su essfull atta ks the ne goal after
e panding the de nition of e ha e su essfull sol ed problems of the

gi en t pe and intend to generate a large testbed ne t

he group theor and algebra e amples e e amined are rather eas from a
mathemati al ie point, ho e er, an be ome non tri ial hen painstakingl
formalised n e ample are proofs in hi h parti ular elements of one math
emati al stru ture ha e to be identi ed b their properties and transferred to
their appropriate ounterparts in an enri hed stru ture he e ui alen e state
ment gi en abo e here the unit element of the monoid has to be identi ed

ith the appropriate element of the group are in this ategor n higher order
this an be done most elegantl using the des ription operator f nd
for des ription in higher order logi s b assigning to the element in the group
the uni ue element in the monoid that has e a tl the same properties n the

onte t of our e amples e emplo ed des ription to en ode on epts like the
uni ue unit element of a group b a single term that lo all embodies the par
ti ular properties of the en oded on ept itself f properties of the unit element
are re uired in a proof then the des ription operator has to be unfolded b



appl ing a ta ti in the s stem and a uni ueness subproof has to arried out
0 e er, an open problem is to a oid unne essar unfoldings of the des ription
operator as this ma o er helm the proof onte t ith unneeded information
he idea of the proofs is to di ide the problems into smaller hunks that
an be sol ed b automated theorems pro ers and if ne essar to deal ith for
mulae in ol ing des ription he sear h pro edure implemented in
has the task to su essi el simplif the gi en formulae b e panding de ni
tions and appl ing inferen es fter ea h proof step the pro erstr to sol e
the introdu ed subproblems f the all fail ithin the gi en time bound the
s stem pro eeds ith the alternati e inferen es he wuanti er rules intro
du e Skolem ariables and fun tions hen eliminating uanti ations hese
are onstrained either b the appli ation of a generalised rule, using
higher order uni ation, or b the su essful solution of subproblems b one
of the pro ers, hi h gi es us the ne essar instantiation roblems in ol ing
higher order ariables for hi h real higher order instantiations are re uired
an generall not be sol ed in this representation b  rst order pro ers o
e er, on e an appropriate instantiation for the ariables has been omputed a
rst order pro er an be applied to sol e the remaining subproblems Substitu
tions for introdu ed Skolem ariables are added onl as onstraints to the proof,
hi h an be ba ktra ked if ne essar
hen a point is rea hed during the proof here neither appli able rules nor
solutions from the pro ers are a ailable, but the des ription operator still o urs
in the onsidered problem, t o theorems are applied to eliminate des ription
his results in generall er large formulae, hi h an then again be ta kled
ith the rules and the theorem pro ers
n our e periments ith algebra problems e ha e su essfull sol ed
e amples of the des ribed t pe

ur e periments sho that the ooperation bet een di erent kinds of reason
ing s stems an fruitfull ombine their di erent strengths and e en out their
respe ti e eaknesses n parti ular, e ere able to su essfull emplo s
e tensionalit reasoning ith s strength in refuting large sets of rst
order lauses ike ise, our distributed ar hite ture enables us to e ploit the
omputational strength of in our e amples remotel o er the internet
s parti ularl demonstrated b the latter e ample lass the strengths of e ter
nal s stems an be sensibl ombined ith domain spe i ta ti s and methods,
and natural dedu tion proof sear h
ote that our approa h does not onl allo the ombination of heterogeneous
s stems to pro e a problem, but it also enables the use of s stems ith opposing
goals in the same frame ork n our e amples the theorem pro er and the model
generator ork in parallel to de ide the alidit of the urrent goal
lthough man of our e amples deal ith problems in set theor the alread
sho that the ooperation of di erentl spe ialised reasoning s stems enhan es
the strengths of automated reasoning he results also en ourage the appli a
tion of our s stem to other areas in mathemati s in the future o e er, there
is a bottlene k for obtaining large proofs, namel the translation bet een the
di erent s stems in ol ed, in parti ular, in the presen e of large lause sets



ur ork is related to bla kboard and multi agent s stems in general, and to
approa hes to distributed proof sear h and agent oriented theorem pro ing in
parti ular Conse uentl , the list of related ork is rather long and e an men
tion onl some of it e rst summarise di erent fa ets of our approa h hi h

e then use to larif the di eren es to other approa hes and to moti ate our
s stem design obje ti es urs stem

aims to pro ide a ogniti el ade uate assistant tool to intera ti el and or

automati all de elop mathemati al proofs

supports intera tion and automation simultaneousl and integrates rea ti e

and deliberati e proof sear h

maintains a global proof obje t in an e pressi e higher order language in
hi h results of e ternal s stems an be represented

emplo s tools as S B or re ie a, ie b to isualise and
erbalise proofs,i e, ommuni ate them on a human oriented representation
la er

ouples heterogeneous e ternal s stems ith domain spe i ta ti s and
methods and natural dedu tion proof sear h ie, our notion of heterogene
it omprises ma hine oriented theorem pro ing as ell as ta ti al theorem
pro ing proof planning, model generation, and s mboli omputation
reuses e isting reasoning s stems and distributes them ia nor
der to add ane s stem pro ided b the user has to a pro ide
an abstra t inferen e step ommand modelling a all to the e ternal rea
soner, b de ne the parameter agents orking for it, and  optional adapt
the heuristi riteria emplo ed b the s stem to rank suggestions ue to
the de larati e agent and heuristi s spe i ation frame ork these steps an
be performed at run time
supports ompetition e g, proof ersus ountermodel sear h as ell as
ooperation e g, e hange of partial results
follo s a s epti al approa h and generall assumes that results of e ter
nal reasoning s stem are translated in the entral proof obje t b emplo
ing transformation tools su h as Mei here the an be proof
he ked
emplo s resour e management te hni ues for guidan e
supports user adaptation b enabling users to spe if modif theiro n on
gurations of reasoning agents at run time, and to add ne domain spe i
ta ti s and methods hen e amining ne mathemati al problem domains
stores interesting suboptimal suggestions in a ba ktra king sta k and sup
ports ba ktra king to pre iousl dismissed sear h dire tions
supports parallelisation of reasoning pro esses on di erent la ers term le el
parallelisation is a hie ed b  arious parameter agents of the ommands
abstra t inferen es, inferen e le el parallelisation is supported b the abilit
tode nene po erful abstra tinferen es hi hrepla e se erallo le elin
feren es b asingle step a feature inherited from the integrated ta ti al the
orem pro ing paradigm , and proof sear h le el parallelisation is supported
b the ompeting reasoning s stems



aken indi iduall none of the abo e ideasis ompletel ne and for ea h of
these aspe ts e istsrelated orkin the literature o e er,it isthe ombination
of the abo e ideas that makes our proje t uni ue and ambitious
ta onom of parallel and distributed rst order theorem pro ings stems
is gi enin Bon , Bon s stated in , our approa h addresses all three
lassi ation riteria introdu ed there parallelisation on term, inferen e, and
sear h le el o e er, full or parallelisation is not addressed in our approa h
et his ill be future ork
er related s stem is the approa h hi h realises a ooper
ation bet een a set of heterogeneous rst order theorem pro ers artial results
in this approa h are e hanged bet een the di erent theorem pro ers in form of
lauses, and di erent referees lter the ommuni ation at the sender and re ei er
side his s stem learl demonstrates that the apabilities of the joint s stem
are bigger than those of the indi idual s stems notion of heterogeneous
s stems, f abo e, ho e er, is restri ted to a rst order onte t onl Iso
s mboli omputation is not addressed and its e en less heteroge
neous prede essors K and are mu h more
ma, hine oriented and less ambitious in the sense of aspe ts 0 e er,
the degree of e hanged information single lauses in all these approa hes is
higher than in our entralised approa h  nlike in the abo e mentioned s stems,
our interest in ooperation, ho e er,is in the rst pla e not at lause le el, but
on subproblem le el, here the subproblem stru ture is maintained b the en
tral natural dedu tion proof obje t uture ork in ludes in estigating to hat
e tend our approa h an be de entralised, for instan e, in the sense of ,
hile preser ing a entral global proof obje t
n ontrast to man other approa hes e are interested in a full s epti al
approa h, f and the results of some e ternal reasoners e g, for
, and partiall for omputer algebra s stems an alread be e panded and
proof he ked b translation in the ore natural dedu tion al ulus o e er,for
some e ternal s stems eg, the respe ti e transformation tools still ha e
to be pro ided  hile the are missing, the results of these s stem, modelled as
abstra t inferen es in natural dedu tion st le, annot be e panded
ntera tion and automation are addressed b the ombination of
ith respe t to aspe ts , espe 1iall , there are ari
ous essential di eren esin our approa h  he design obje ti es of our s stem are
strongl in uen ed b the idea to maintain a entral proof obje t hi h is ma
nipulated b the ooperating and ompeting reasoning agents, and mirrors the
proof progress his entral natural dedu tion proof obje t espe iall eases user
intera tion on a human oriented la er, f and , and supports s epti ism
as des ribed abo e n some sense, e ternal s stems are modelled as ne proof
ta ti s tending the ba kground al ulus and ommuni ation bet een them
is urrentl onl supported ia the s stem of bla kboards asso iated ith the
urrent fo us of the entral proof obje t his relie es us from addressing logi al
issues in the ombination of reasoning s stems at the proof sear h la er he
are subordinated and onl ome into pla  hen establishing the soundness of
ontributions of e ternal reasoners b e panding their results on natural dedu
tion la er entralised approa h has ad antages in the sense that it keeps the



integration of heterogeneous s stems, ith probabl di erent logi al onte ts,
simple and it onl re uires di erent proof or result transformation tools
to natural dedu tion arguments n parti ular the o erall proof onstru tion is
ontrolled purel at the natural dedu tion la er

o e er,e perimentsindi ated that aside from these ad antages, the bottle
ne kofthes stem urrentl istheine ien inthe ooperationof somee ternal
s stems, espe iall of homogeneous s stems spe ialised in resolution st le pro
ing hi h annot dire t| ommuni ate ith ea h other wuture ork therefore
in ludes in estigating hether the approa h an be further de entralised ith
out gi ing up mu h of the simpli it and transparen of the urrent entralised
approa h

ith the entralisation idea, e adopted a bla kboard ar hite ture and our
reasoning agents are kno ledge sour es of it n the terminolog of e  our
reasoning agents an be lassi ed as rea ti e, autonomous, pro a ti e, oop
erati e and ompetiti e, resour e adapted, and distributed entities he , for
instan e, still la k full deliberati e planning la ers and so ial abilities su h
as means of e pli it negotiation e g, agent so ieties are de ned b the user

in and, as et, not formed d nami all at run time BS n this
sense, the are more losel related to the or i
kno ledge sour es than to ad an ed la ered agent ar hite tures like

Miil 0 e er,in future de elopments a more de entralised proof sear h

ill make it ne essar to e tend the agenthood aspe ts in order to enable agents
to d nami all form lusters for ooperation and to negotiate about e ient
ommuni ation languages

n this paper e presented an approa h to agent based reasoning ur frame
ork is based on on urrent suggestion agents orking for natural dedu tion
rules, ta ti s, methods, and spe ialised e ternal reasoning s stems he sugges
tions b the agents are e aluated after the are translated into a uniform data
representation, and the most promising dire tion is hosen for e e ution he
alternati es are stored for ba ktra king hes stem supports ustomisation and
resour e adapted and adapti e proof sear h beha iour
he main moti ation is to de elop a po erful s stem for ta kling, for in
stan e, ross domain e amples, hi h re uire a ombination of reasoning te h
ni ues ith strengths in indi idual domains o e er, our moti ation is not to
outperform spe ialised s stems in their parti ular ni hes he agent paradigm
as hosen to enable a more e ible integration approa h, and to o er ome some
of the limitations of hard ired integrations for instan e, the brittleness of tra
ditional proof planning here e ternal s stems are t pi all alled ithin the
bod of proof methods and t pi all do not ooperate er e ibl
ogniti e moti ation for a e ible integration frame ork presented in this
paper is gi en from the perspe ti e of mathemati s and engineering epending
on the spe i nature of a hallenging problem, di erent spe ialists ma ha e
to ooperate and bring in their e pertise to fruitfull ta kle a problem en
a single mathemati ian possesses a large repertoire of often er spe ialised



reasoning and problem sol ing te hni ues But instead of appl ing them in a

ed stru ture, a mathemati ian uses 0 n e perien e and intuition to e ibl
ombine them in an appropriate a

he e perien e of the proje t points to di erent lines of future resear h

irstl , the agent approa h o ers an interesting frame ork for ombining auto
mated and intera ti e theorem pro ing on a user oriented representation le el
and in this sense it di ers a lot from the mainl ma hine oriented related ork

his approa h an be further impro ed b de eloping a more distributed ie
of proof onstru tion and a d nami on guration of ooperating agents Se
ondl , in order to on urrentl follo di erent lines of sear h or parallelism , a
more sophisti ated resour e handling should be added to the s stem  hirdl ,
the ommuni ation o erhead for obtaining large proofs is the main performan e
bottlene k Moree ient ommuni ation fa ilities bet een the di erent s stems
in ol ed ha eto be de eloped Contrasting the idea of ha ing lters as suggested
in e also ant to in estigate hether in our onte t e pressi e higher
order language abstra tion te hni ues an be emplo ed to ompress the e
hanged information humans do not e hange lauses during the onstru tion
of proofs

urther future ork in ludes impro ing se eral te hni al aspe ts of the ur

rent en ironment and the protot pe implementation of our s stem that
ha e been un o ered during our e periments e ould also like to test the s s
tem in a real multi pro essor en ironment, here all agents for e ternal reasoners
an be ph si all rather than indire tl ia distributed urther
more, e ill integrate additional s stems and pro ide further representation
translation pa kages he agents self monitoring and self e aluation riteria,
and the s stem s resour e adjustment apabilities ill be impro ed in the fu
ture e ould also like to emplo ounter e ample agents as indi ators for
earl ba ktra king inall , e need toe amine hether our s stem ould ben
e t from a d nami agent grouping approa h as des ribed in , or from
an integration of proof riti s as dis ussed in B
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