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Abstract A ‘Calculemus-approach’ in constructing software for high-
school math is considered, i.e. the question how to encompass logical rigor
as well as calculational power by combining concepts and components of
theorem provers and of algebra systems for educational use.

The requirements for student-users are formulated following recent work
done at IST, TU Graz, in close contact to RISC Hagenberg, and based
on a prototype originating from this work.

The paper presents work in progress towards these requirements w.r.t.
four concepts: the logical base, stepwise problem solving, reactive user-
guidance, and automated generation of explanations.

1 Introduction

‘Both Deduction Systems and Computer Algebra Systems are receiving
growing attention from industry and academia. ... Mathematical Soft-
ware Systems have been commercially very successful. Their use is now
wide-spread in industry, education, and scientific contexts: there are now
literally millions of installations of computer algebra programs.  The au-
thor teaches math in ‘notebook-classes’ at an Austrian high-school, where
each student has his or her own notebook, and uses it (i.e. an algebra s s-
tem, mainl in math, too. The e perience with the algebra s stems is
doubt ul the are not designed or education ‘... there is still need for
improvement as many application domains still fall outside the scope of
ezisting Deduction Systems and Computer Algebra Systems.

n this paper we will discuss a mathematics-engine or tutoring, which
necessaril  alls outside the scope o e isting s stems, i the ollowing
re uirements should be met

There is one important and successful exception, math pert Bee and because
there is no space for related work, the the main di erence is the following: math pert
does not provide explicit speci cation and thus doesn’t handle subproblems, ... etc.
as proposed in sect.3.2.



. sol e problems o ‘applied math’ automaticall rom a gi en (prepared
b an author, and hidden ’ ormali ation’ and speci cation i nothing
is gi en, support interacti e ormali ation and speci cation

. present calculations close to paper and pencil work, and additionall
show their structure, and relations to underl ing knowledge

. allow one to trace a calculation down to elementar steps, i.e. the
application o theorems to a proo -state

. allow the user to do all the steps himsel or hersel , gi e eedback, and
return to a demonstration-mode on re uest

. generate e planations automaticall on re uest b the student, b a
kind o ‘re ection’ (and not b an author tr ing to oresee all possible
re uests

The easibilit o there uirements w.r.t. interacti it has been shownb a
protot pe ,de eloped at the nstitute o o tware Technolog , T ra
in close contact with the esearch nstitute o  mbolic omputation,
in . Theinteracti it relies on a math-engine the latter is the concern
o this paper. Two concepts o the math-engine seem to be no el ones, the
hierarch o problem-t pes (see . and the ‘re erse rewriting’ (see
n order to moti ate the o erall design, we want to present all essential
concepts, and we want to mention parts still open within this work in
progress thus, in order to respect space limits, some o the presentations
are sketch .

o ic ound tion

we want to gi e eed-back to a student whether a step in a calculation
is admissible or not, we ha e to maintain some kind o proo -state, and
thus are concerned with the logical ramework. As a conse uence, the
implementation o the protot pe is based on a theorem pro er, and not
on an algebra s stem. The choice between educe edlog and
sabelle au  was made in a or o the latter. The main reason was,
sabelle has alread implemented most o the knowledge or high-school
math in high-order logic ( , and the respecti e theories are being
de eloped rapidl .



sabelle aims at pro ing theorems, whereas traditional high-school math
is ‘applied math’, mainl concerned with ‘e ample construction problems’
uc , where some ob ects are gi en, meeting some precondition (
and some ob ects are to be constructed, meeting the postcondition
(
ombining sabelle’s non-constructi e concept with the constructi e
one necessar or high-school math is likel to be neither harmless nor
tri ial The oundations or the educational s stem math pert ee
ha e been researched care ull - ee  demonstrated, that carelessl
combining the a iom o e tensionalit , the recursion theorem and the
separation a iom leads to an inconsistent s stem. The author is not aware
o research, indicating what problems ma arise rom the combination o
with set construction as described subse uentl .

A proo -tree represents a (partiall completed proo . n order to ha e a
simple mapping between the proo -tree and the e ternal representation
o a calculation, the sa e -grounds ha e been le t, implementing the
ollowing (where denote lists

The set  of s 1s inductively defined on nodes
( Bs where s called a and Bs is a list called the
es of
(
( Bs where Bs 1 with

There are two types of proof-ob ects:

s are records containing all data concerning the spec-
ification of an example
s are records representing the deductive steps, i.e. steps
of logical deduction and application of algebraic laws.

These two inds of ob ects are called their respective fields
will be introduced as soon as needed. The trees root is a problem-ob ect,

called the

The t pes o branches model the structures o high-school math, the most
speci c ones concern set construction, e.g. the calculation



where denotes ‘di ides’ in the natural numbers, is represented b a
so-called Collect-branch in a sol e-ob ect as ollows

23 5

2
where selects the eld (i.e. expr branch result rom the proo -
ob ect , and where the elds o one and the same  ha e the same
indent le el. The ormal de nition o this and others is

straight orward, and gi es the basis o the s stems semantics.

The purpose o splitting a simple calculation like that is to get steps,
each o whichis usti edb anelementar theorem pro enin sabelle
n the e ample gi en these theorems could be

- 2
- 3
Then the calculation could be represented on a so-called ,
the structure being connected with, and usti ed b the theorems,
_ - 2
- 3
23 5 5
2

2 - -

where the theorems are applied b the ewrite ,shown ushed

right. The labels on the right margin relate to those in the knowledge-base,
while the tactics ( ( ( correspond to the meta-logic, represented b
the branch-t pe Collect. These tactics are designed or input b the user
and do not indicate the underl ing theorems (which is a uestionable
design decision . The abo e e ample e ceeds sabelle’s meta-logic.

applies a rewrite rule once, whereas - applies a terminating set
of rules



A sur e on high-school math showed Neu a that irtuall alle -
amples can be modeled b three special branch-t pes like Collect.
The proo -tree is e tended b appl ing a tactic (e.g. ewrite,
Calculate, Chec , Collect to a in , representing a
( . The tactics semantics is based on the transition re-
lation rom ( to ( , de ned or each tactic respecti el . These
de nitions are straight orward, leading to the notions o tac-
tics.

utono ou nd int r cti ro o Iin

a ing indicated the essential prere uisites or the re uirements ( . and
(. onp. ,weturnto the re uirement ( . ‘sol e problems automaticall ,
or support interacti e ormali ation and speci cation’.

are model, speci , sol e, and ha e particular input-data and output-data

model
specify
solve

To illustrate we shall use a t pical e ample in high-school math. This
e ample, re erred to as ‘mazrimum-example in the se uel, is gi en b the
ollowing

wen a circle with radius , inscribe a rectangle with
length u and width v. Determine u and v such that the rectangles
area A is a mazimum.

The model phases output is a ormali ation, potentiall in one o the
ariants

0o - - -
0 - - -
0 - - sin - cos
This ma moti ate the de nition
wen a set  of substitutions, called , a set
of , and a set  of , the triple

( is a i ( ars



where ars e tracts the rst element o each pair in a substitution
(and in later use also  ars e tracts the ariables rom a term . The sets
within the triple contain di erent t pes o ob ects, in particular sets or
the purpose o grouping a ormali ation will ‘instantiate’ a problem-t pe,
see e. .

The ormali ation must be gi en (b an author, and e entuall hidden
rom the student in order or the problem to be ‘sol ed automaticall ’.

n algebra s stems speci cation is done b selecting the unction (sa
solve an e uation , and suppl ing the appropriate arguments the domain
is speci ed b some kind o switch (e.g. real or comple solutions or
e uations .

n order to allow or interacti e speci cation, we need the underl ing
knowledge in an e plicit orm, which can be browsed b the user, and
which allows or interacti e selection. The uni erse o this knowledge is
organi ed along three a es (see ig. on p. , one o which concerns

problem-t pes.

et us begin with the ma imum-e ample, structured as an (e ample
construction problem, which ma be the result o automated modeling
rom the hidden ormali ation, or which ma be the result o the user’s
input

problem maximum

0

The post-condition ( is, besides , the characteristic o a prob-
lem (-t pe . n ortunatel , the abo e post-condition is er hard to er-
i this could be done or simpler ones like the post-condition or the
solution-set o an e uation , which ma be (

e excluden the important case of substitutions with a value -
from this paper.
This decision could have alternatives: one could push ahead the modeling to the
domain of elementary geometry comprising formal notions of

etc., or one could employ techniques from arti cial intelligence like some

geometry tutors.

ote that the intervals like 0 - from the formalization do not show up in this
problem but it is passed to a subproblem, see the script _ on p. 2.



( , but not or the ma imum-e ample we will come back to
this issue in section . The de nition or the notion o a problem is

iven a substitution and a set  of variables with ( ars

, and a set  of predicates, some predicates ( ars and ( ars ars
ars , with  uantifying all free variables by the such- uantifier, then
( is a .
The elements of  are called and those of are called
, s the and the predicate  is the

, relating input and output.
consists of sub-terms of , it is redundant for pedagogical reasons.

A problem is i ( evaluates to true, and a p@blem 18
1 there exists a set  of values for all output-variables, such
that (  evaluates to true. The set  is called the of

( denotes substitution o the ars b their respecti e alues. There
are restrictions on the (substitution and e aluation o (  , the post-
condition - see

Now, what we need or automated speci cation is the ollowing gi en
a ormali ation, nd the appropriate problem-type. or instance, the do ens
o problems, ound along with the ma imum-e ample in te tbooks on cal-

culus, shall belong to one single problem-t pe.
A preliminar attempt to describe the problem-t pe, the ma imum-e ample
ma belong to, is the ollowing

problemtype maximum

where denotes a term-constructor. primed attaches a  to a ariable.
map takes sets instead o lists, and, or instance, creates ine ualities or
the pairs fix_. The underscores de ne identi ers to belong to the meta-
language o problem-t pes (as opposed to the ob ect-language o math .

The design o the language describing how to generate pre- and post-
condition rom the problem-t pe is an open uestion, and the author is
not aware o related work. resentl the s nta o and  (let us call
them s is unclear, as well as the details o their generation,
i.e. some unction



where  is a set o p-templates, 1is a set o substitutions, and a set
o predicates. This unction works or the e ample as ollows

(‘map ( fiw. (fir-

The unction is necessar to proceed rom e. to e. .

et 1 be sets of variables, 1 a set of predicates.
wen the sets and of variables, and given two p-templates
and , then ( is a . are called

the input-components of , shortly

A problem-t pe is a kind o a general template to be instantiated b a
particular ormali ation

et be formali ations, ( , (
a problem-type with input-components . et further be  a problem,
a set of predicates, a set of sets of input-items, and  a set of sets
of variables.

Then we say 1
1 matching while generating match
matching while generating match
i ( and (  holds
111 (
i (
where match ields a substitution , and matching is true or

ondition (i contains a case-distinction concerning whether there is a
hidden ormali ation  prepared or not. This is the answe to re uirement
(. onp. w.r.t. speci cation.

With the latter de nition we ha e come to the point, because instan-
tiates can be used to construct a wuasi-order, which in turn allows one to
construct an ac clic graph.

iven two problem-types 1 (; ; 1 1 1 and
( , and a set  of formali ations, we say 1
1 instantiates nstantiates 1.

The ac clic graph constructed b the uasi-order on problem-t pes in-
duced b refines, leads to the hierarch o problem-t pes, called the
problem-tree



et D be a set of strings, and id D some elements

for , called , and  a set of problem-types with
some elements . Then we call the acyclic graph ‘problemtree with
constructor ¢ oin and nodes in ( D
datatype problemtree oin of (( D (problemtree list

a 1

i for all parallel nodes (id the labels id are pairwise dis oint

i below 1 refines

iti  parallel i ( refines ( refines

where below and parallel are relations on the ac clic graph (e ui alent to
the respecti e notions on terms . The list o labels id id  along
the path rom the problem-trees root to a problem-t pe is called a

i en a problem-tree, we can automaticall re ne a aguel ormu-
lated problem to a stronger ormulated one et us look at the part o a
problem-tree concerning the ma imum-e ample

oin (( ma e_fun
oin (( by_elimination 1
oin (( by_new_variable

i enan oneo the ormali ationso p. and the problem- make_ un
automated re nement can be done due to the matching o input-items and
the e aluation o the pre-conditiono ; and respecti el the or-
mali ation is or , 1 would be chosen, and the method attached
would ield ( (- or (- ,and i the
ormali ation is , would ield somethin like ( sin

cos . 1isaddressedb the problem- ma e_fun , by_elimination
and is addressed b ma e_fun , by_-new_variable . The script Mazx-
imum_value on p. emplo s the mechanism o re nement.

To the author’s best knowledge, the automated re nement on e plicit
problem-t pes seems to be a no el mechanism. We eagerl look orward
to e periences o how larger portions o knowledge, e.g. all t pes o e ua-
tions in the high-school s llabus are to be mapped to a problem-tree, to
the respecti e patterns o input-items and pre-conditions, and how the
per ormance o automated re nement will be.



A ma or part o high-school math can be done b rewriting, Neu a
gi es a sur e on the respecti e topics within the s llabus. ewriting is
er close to what a human mathematician does whan appl ing a cer-
tain theorem to a certain ormula. echanical rewriting, the step b step
application o theorems (like , as directed rules tends to be
erbose  uc  showed how to master this erbosit b a ‘nested cells
representation’.

e-engineering the simplifiers or and the comple numbers
, all together with the related unction constants, is apparentl the most
straight orward task. e eral simpli ersare tri ial, such as di erentiation
or e panding logarithms, and ust re uire basic knowledge on termination
and con uence in rewriting.
an other tasks are not tri ial or instance (a comprehensi e sur e
is gi en in Neu a , the calculation o the canonical pol nomial orm
o er  with numerical constants in ol es conditional rewriting ! , and
thus the basic knowledge as presented e.g. in N  isnot su cient. This
is e en more the case with rationals or radicals.
Also rewrite orders are o concern, or instance i a special term (sa
~ needs to be shi ted to the root o a term ( nuth- endi order - see
the tactic ewrite_Set isolate_root in the script s uare_e uation on p.
There is a wealth o er speciali ed literature on rewriting, but much
is ears old and thus not easil accessible. n act, some speci ¢ knowl-
edge, buried in an algebra s stem, ma need to be rein ented. ut all
together, this task is more suited or industrious students o computer
mathematics, than or challenging

mplementation of ‘reverse rewriting ollows a no el idea, e ploiting a
suggestion o ar  on the combination o algebra s stems and theorem
pro ers. The idea is the ollowing

There are topics in high-school mathematics, not reall suitable or

rewriting, but taught as such. A t pical e ample is actori ation while
calculating in

2
2 2
hile distributing towards polynomial form by , numeral
constants must be contracted by - -
both rules together would obstruct termination, if there would not be the condition.

2 2 2 2
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ndeed, actori ing and canceling in ( (o the abo e e ample are
taught as an application o the (in erse law o distributi it and o laws
on binoms, while (  is skipped as ‘ob ious’.

The automated process o ‘re erse rewriting’ is proposed to actori e
ielding ( , but without showing the result to the student rather, certain
actors are multiplied again in order to present steps ( ( e actl in

this se uence. This is an answer to the re uirements ( . and ( . on p. .
The techni ue o ‘re erse rewriting’ is intended to implement step b step
calculation o canonical orms in all domains taught at high-schools.

crit orr c¢ti u r uid nc

A method o sol ing a speci ed and instantiated problem is described b
a so-called script. cripts are ormulated in sabelle their s nta ,
gi en in ackus normal- orm, is

script :: id arg body
arg :: id  ( id :: type
body :: expr
expr :: id . expr
id  expr ( id  expr expr
prop expr expr
prop expr id
expr id
expr id
expr expr id
tac ( id listexpr listexpr  id
type ::  id
tac ;> id

where  belongs to the ob ect-language, id is an identi er with the
usual s nta , prop is a proposition constructed b logical operators o s-
abelle , listexpr (called is constructed b sabelle’s
list unctions like , and type are ( irtuall allt pes declared



in sabelle’s ersion . tac stands or tactics, are written in

ont.

(or -abstraction , and are alread
de ned in , checks the gi en ormula, de-
pend on whether their sube pressions are applicable (see p. . Tactics to
be done in parallel can be modeled b two tacticals, b orb

A script sol ing the ma imum-e ampleis mainl concerned with data-
trans er to subproblems, and could look like

Testvar lters that relation, which contains the ariable describing the
alue to be ma imi ed. The tactic Subproblem  eals, ma e_fun ,no_met
m-, v_, rs- deser es special attention it takes the arguments domain

eals, problem-t pe ma e_fun , and the ormali ation m_, v_, rs_, but
it does not speci a method (no_met . This can be done because o the
mechanism o re nement, e. dependent on the modeling o the root-
problem, one o the ormali ations is passed in b the ormal parameters
o the script when calling the subproblem, the problem-t pe is re ned to

ma e_fun , by_elimination or ma e_fun , by_new_variable . This
mechanism de nitel generali es the call o subproblems in comparison
to unction calls in other program languages.

Another script, t pical or rewriting, describes a method or sol ing
an e uation containing s uare-roots, where the e uation can be sol ed b
isolating the roots and s uaring the whole e uation, is as ollows



where ewrite has a boolean argument pushing the assumptions o
conditional rewrite-rules into the global assumptions or not.

What we call ‘reacti e user-guidance’ here is a conse uence o the math-
engine’s design the math-engine is capable o automated modeling (gi en
a ormali ation and o automated speci cation and re nement, as alread
discussed. The user, on the other hand, is ree to suppl a step o his
or her own choice, and the math-engine will gi e eedback. The eedback
during modeling concerns unknown or missing items and the suitabilit o
problem-t pes during speci cation. the user gets stuck, the math-engine
is able (in principle to suppl the ne tstep inreaction to pre ious steps
o the user.

This concept is eas to implement or modeling and speci ing, but
it had turned out to be hard or sol ing (which is guided b scripts .
At each tactic, Subproblem, ewrite_Set_ nst, ewrite_Set, ewrite etc.,
control is passed to the user. The interpreter o the scripts is concerned
with the ollowing tasks

. beginning with the last tactic done (or the root o the scripts bod
nd the ne t tactic to do this ma ail due to a ‘misleading’ tactic

. present this tactic, i.e. the user-tactic associated to the script-tactic
ound, to the student as a suggestion or the ne t step

. recei e the student’s input (assumed to be a tactic here or reasons
o simplicit , and not an e pression a tactic, howe er, which ma
be di erent rom the one suggested b the script and check i it is
applicable at the present proo -state i so, appl and promote the
proo -state, otherwise noti  the student

. locate the tactic associated with the input tactic, which ma be clas-
si ed as misleading continue with

This kind o interpretation (the details o which belong to the domain o
compiler construction, see Neu a, and which e ceed space limits is a
ma or ad ance towards a e ible dialog, where the s stem and the user
are partners on an e ual basis the user can be acti e and propose tactics,



and the s stem checks them or applicabilit at the present proo -state,
or the user passes acti it to the s stem and re uests a proposal or the
ne t step.

The reader ma ha e noted that the scripts do not contain an hint
or the dialogue this is done in a separated module.

The application o a method, i.e. the e aluation o a script, is guarded
b aspeci cation o the problem containing a post-condition. t has been
mentioned on p. , that some postconditions cannot easil be eri ed or
a particular e ample, e.g. or the ma imum-e ample.

n this case it would be an interesting challenge or automated deduc-
tion to eri the correctness o the script w.r.t. the post-condition. t is
not the e ample constructed, which is o concern, but rather the algo-
rithm constructing such e amples is o concern (one le el o abstraction
higher

uch a proo o correctness would in ol e the semantics o scripts,
which are ormulated in sabelle , i.e. meta-language and ob ect-
language could be within the same logic. Nip  could be a model or this
task. This proo would also concern the semantics o tactics in ol ing the
proo -tree and its branch-t pes this is an e en harder task. Altogether,
it’s an issue, but not considered urgent or the practical usage o the
protot pe.

n tion r ction

e ection is a term, which recentl has become olklore with the program-
language a a it denotes acilities o the so tware-s stem to inspect its
own language-constructs. e ection in conte t with e planations means,
that re uests or e planations should not somehow be oreseen b an
author o the s stem but rather the s stem should ust re ect its state
and its knowledge and onl on user re uest will the s stem e hibit its
knowledge and mechanisms in reasonable portions and steps towards more
and more details.

ath knowledge is separated rom the math-engine, which interprets the
knowledge. ue to erbal ad ice rom the creator o Theorema c



domains

functionsover R
methods
vectorspace RXRXR T

vectorspcae RxR -

matricesover | | .
. change representation
polynomialsover R ) .
i systematic enumeration
polynomialsover | .
structural comparison
complex numbersC

iterate
real numbersR | L
. projection
rational numbersQ | o
. eliminate
integer numbers| | .
factorize
natural number N
reduce
| | | | | | | | | problems
evaluation approximation ~ factorization
equation . interpolation .~ differentiation
inequation optimization integration
r The three-dimensional universe of mathematics

the knowledge is organi ed along three a es (see ig. thea iso problem-
t pes as presented in . , the a is 0 methods rom . , and the a is o
domains, which has alread be gi en b sabelle’s hierarch o theories

au .
The user will access this knowledge in leisure browsing, but also with
particular re uests arising rom special situations. This raises issues re-
lated to the high structure o the knowledge the details are not et de-
signed.

is done on a work-sheet, one o which can be ound on p. . A work-sheet
produced b the script s uare_e uation on p.  could look like 1!

- 5 0

The theorems use the syntax of Isabelle H L, which uses in a strange looking
way: etc.



e ecting the proo -state, such a work-sheet cannot be edited arbi-
traril b the user there are arious solutions possible to thisre uirement,
see or instance Asp . Another model is Wen

or the user-group en isaged, i.e. high-school students, the work-sheet
should look like a calculation done b paper and pencil. n the other
hand, man technical details need to be displa ed, as soon as the user
starts to in uire. n the e ample abo e, or instance, at line ( . and ( . .
the applied theorem contains a condition, which needs to be instantiated
and stored with the assumptions o this (sub- problem. ow should this
be displa ed an simila design decisions ha e still to be made

onc u ion

The ¢ alculemus-approach’, attempted in this paper or the design and
the de elopment o educational so tware or mathematics, lead to concepts
and a protot pe, er di erent rom e isting algebra s stems and presum-
abl simpler to use than deduction s stems. This protot pe demonstrates
the easibilit o the concepts concerning interacti it , and it is used to
make teachers aware o what the can re uest rom state-o -the-art math
tools Neu b.

onceptual achie ements, established b merging techni ues rom alge-
bra s stems and rom deducti e s stems and shown as easible b the
protot pe, are the ollowing.

A proo -state usti ing each step as correct or incorrect (i.e. checking
a tactic applicable or not applicable w.r.t. the current proo -state, see
, or e entuall misleading

The knowledge in a separate language la er, i.e. the  -uni erse o
math in human readable ormat ( .  this can be inspected b the
user and interpreted b the math-engine as well

nteracti e and automated speci cation o a domain (i.e. an sabelle
theor , a problem(-t pe, see sect. . , and a method



tep-b -step e ecution o methods, gi en b scripts whose interpreter
passes control to the user at each tactic and resumes guidance ( .
The protot pe’s math-engine is read or implementing the math-
knowledge (about o the s llabi are appropriate .
The math-engine as implemented is an appropriate basis or estab-
lishing a no el kind o dialog, where the s stem and the user interact
as partners on an e ual base.

ormal underpinning o the semantics o tactics ( . and tacticals
( . ,inorder to pro e a script w.r.t. the postcondition o the respec-
ti e problem

ompleteness o the set o tactics ( . , and their usabilit or students
(to be in estigated in eld-studies

roblem-hierarch appropriate to incorporate all math-knowledge or
high-school and to pro ide or ade uatel e cient problem re ne-
ment

e-engineering o the basic unctions o algebra s stems (solve, sim-
plify, di erentiate etc. and implementation along the respecti e a es
in the  -uni erse ( .

nhanced interacti it in the protot pe d namic search in the -
uni erse, go back to pre ious proo -states, high-le el description o
dialogs and user-model

The appro al, which the protot pe has alread gained rom teachers,
seems to make worth the e ort to continue clari cation o theoretical
oundations, to implement the math knowledge according to the s llabus,
and to e tend the protot pes unctionalit .
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