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Abstract. As shown in [BP01] sketches can be viewed as valid proving
tools in projective geometry where the number of primitive concepts is
limited to the notion of incidence, a point coincides with a line. The proof
uses Herbrand disjunctions to prove the equivalence between a formal-
ization of sketches and proofs in a formal calculus. In order to extend
this result to richer geometries the first step is to introduce the notion
of parallel to obtain affine geometry. Later on we will introduce more
and more concepts of Euclidean geometry like betweenness, congruence
or angle.

We will present a formalization of sketches in affine geometry which we
hope resembles the actual drawing of a sketch on a blackboard. Going
on we prove that any of these formal sketches can be translated into a
sketches in projective geometry and by this we can show that sketches can
be transformed into proofs. Finally the transformation from Herbrand
disjunctions, i.e. proofs, via projective sketches back to affine sketches
will prove that affine sketches and formal proofs are equivalent.

1 Introduction

Affine geometry can be considered as the basic of most natural geometries in the
sense that these geometries try to describe our surroundings. It is the geometry a
small child experiences while growing up. There is no measurement, no concept
of distance, the only ideas we have are about incidence (“Mama is on the other
side of the street”) and parallelism (“I cannot reach her if I have to stay on this
side of the street”). This is affine geometry, incidence and paralellism, lines that
do not meet.

Ever since ancient civilizations like the chinese, arian or greek cultures started
to prove geometrical theorems there have been proofs based solely on sketches
and not on formal argumentation. With the beginning of strict formalization
of mathematics and the use of formal methods within mathematics, the way
sketches are used has changed the way they are used, because they could not
meet the requirements of current science for a valid proving method.

Sketches are known to be very useful in illustrating the facts of a proof and
in making the idea of a proof transparent. But sketches need not only be just a
hint, they can, in certain cases, be regarded as a proofs themselves. The purpose
of this paper is to extend results on sketches in projective geometry to affine
geometry.



1.1 Historic Examples

Proofs of geometric propositions are found in the earliest known mathematical
texts in India and China as well as in Greece. Let us give as an example (taken
from [vdW83]) a passage from the earliest Chinese text on astronomy and math-
ematics, the Chou Pei Suan Ching, which may be translated to “Arithmetical
Classic of the Gnomon and the Circular Paths of Heaven”. In this classical text
from the Han-period a proof of the “Theorem of Pythagoras” is presented. The
proof is only worked out for the (3,4,5) triangle, but the idea of the proof is
perfectly general. Figure 1 and the translation are taken from [Nee]:
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Fig.1. The proof of the Pythagoras Theorem in the Chou Pei Suan Ching. From
J. Needham: Science and Civilization in China, Vol. 3

Thus, let us cut a rectangle (diagonally), and make the width 3 (units)
wide, and the length 4 (units) long. The diagonal between the (two) corners
will then be 5 (units) long. Now after drawing a square on this diagonal,
circumscribe it by half-rectangles like that, which has been left outside, so
as to form a (square) plate. Thus the (four) outer half-rectangles of width 3,
length 4, and diagonal 5, together make two rectangles (of area 24); then (when
this is subtracted from the square plate of area 49) the remainder is of area 25.
This (process) is called “piling up the rectangles”.

Today sketches have lost most of their importance as proving tools by them-
selves and are more or less only used to explain the ideas of a proof and to help
understanding, but all the proofs have to be formalized in a strict sense. On
the other hand there are some approaches to reintroduce sketches as proofs: For



example Griinbaum introduced a notion of provability in elementary geometry
which is based on sketches made with MATHEMATICA[Wol91]. Other approaches
of proving with the help of sketches can be found in programs like Geometer’s
Sket hpa [Ste98] or rGeo[Fer].

tc in n o tr

Most of the proofs in affine geometry are illustrated by a sketch. This method
of a graphical representation of possibly abstract facts is not only used in areas
such as affine or projective geometry, but also in other elds such as algebra,
analysis and sketches may even be used to support understanding in lectures on
large ordinals, a highly abstract topic

The di erence between these sketches and the sketches used in affine geom-
etry (and similar elds) is the fact that the proofs in affine geometry deal with
geometric objects like Points and Lines, which are indeed objects we can imagine
and draw on a piece of paper (which is not necessary true for large ordinals).

So the sketch in affine geometry has a more concrete task than only illus-
trating the facts, since it exhibits the incidences, which is the only predicate
constant besides equality really needed in the normalization of affine geometry.
It is a sort of proof by itself and so potentially interesting for a proof-theoretic
analysis.

.1 tro ctio to e eometr

at is e eometr We will now give an axiomatization of affine geom-
etry in a logical sense. The affine geometry deals, like the projective geometry,
with points and lines. These two elements are primitives, which are not further
de ned. Only the axioms tell us about their properties.

Now let me begin with a de nition of the affine geometry: There are two
classes of objects, called Points and ines , and two predicates (actually three,
if we count the equality). One predicate de nes a relation between Points and
Lines, called n i en e, written meaning the Point  incides with the
line . The second predicate expresses a fact that two lines do not meet, called
Parallelism, written

Furthermore we must give some axioms to express certain properties of Points
and Lines and to specify the behavior of the incidence on Points and Lines:

(AG1) For every two distinct Points there is one and only one Line, so that
these two Points incide with this Line.

(AG ) For a Point and a line such that there exists one and only
one line  such that and .

(AG3) There are three noncollinear Points.

We will use the expression “Point” (note the capital P) for the objects of affine
geometry and “points” as usual for e.g. a point in a plane. The same applies to
“Line” and “line”.



Examples or e la es

he wu li ean plane The Euclidean plane by itself is an affine plane, since
Euclidean geometries just adds new concepts but do not change the basic axioms
of affine geometry.

he minimal ne Plane One of the basic properties of projective planes is
the fact that there are four distinct Points, which is easy to prove. This is also
the minimal number of points. If we can set up a relation of incidence on these
Points such that the axioms (AG1) and (AG ) are satis ed, then we have a
minimal affine plane. Fig. de nes such an incidence-table. In this table only
the labelled points exist and there are no more lines then those drawn.
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Fig. . Incidence Table for the minimal affine plane

ome 0 se eceso t e xioms

There exist four di erent points, no three collinear.
There exist at least two di erent points on every line.
Every point is on at least three di erent lines.

ormali atio o etc esi e eometr

In this part we give a formalization of the sketch in affine geometry and explain
our motivation behind some of these concepts.
All Points and Lines are combined in the sets called  and , respectively.

e itio 1 eto ermsoer . et beaseto onstants o type
or then is in u tvely e ne



e itio ept . hedepth o aterm is e me as the number at
hi h isa e or onstru te in the pro ess given above

To ensure consistency inside a set of starting objects, they must obey one
rule, namely that if a compound term is in the set, than all of its subterms are
also in the set. This is the reason for the next de nition.

e itio a missi leset o terms . et beasubseto () aset
o onstants then is alle a missible 1 it obeys the ollo ing rules

(L 1 0, )
cC) G, )

The idea is to de ne a set of Points, Lines and certain combinations of them
(the intersection points and connection lines) and to let the sketch be a subset
of all possible atomic formulas over these terms.

e itio ierseo orm las. et be an a missible termset an
a set o pre i ates then the universe o ormulas over ith regar to s
e ne as
() (, ): o the right types
willonlybe , , or , .Theset contains all the possible positive

statements which can be made over the termset

We wish to approximate real sketches as close as possible, and therefore we
should not allow multiple instances of the same object, i.e. we require that a
object (Point, Line) has a unique name and does not have di erent names in
di erent parts. We require a proper state within our construction and therefore
do not allow ambiguous information, which can arise from the following situation,
called riti al onstellation:

e itio ritical o stellatio . et an be terms in an
an terms in han e all the appearan e o the ollo ing our ormulas

a riti al onstellation

e il enote su h riti al onstellations by ( , )

Such a constellation is called critical, because from these four formulas it
follows that either or (or both), but we cannot determine which
one of these alternatives without supplementary information (see g. 3).

When constructing any sketch we start from some assumptions over a set
of constants and then construct new objects and deduce new relations. From
a proof-theoretic point of view these rst assumptions are the left side of the
deduced sequent, i.e. the assumptions from which you deduce the fact.

We now come to the de nition of the sketch. We require a sketch to be a
set describing all the incidences in the sketch . But we also require that this

This one is on the paper



Fig. . The two solutions for a critical constellation

subset is closed under trivial incidences, which means that if we talk about a
Line which is the connection of Points, then we require that the trivial formulas
express that these two Points lie on the corresponding Line.

Further we require that no critical constellations occur in a sketch. That
arises from the fact that we wish that every geometric object is described only
by one logical object, i.e. one term. Since a critical constellation implies the
equality of two logical objects, which we cannot determine automatically, we
want to exclude such cases.

e itio etc . et  be an a missible termset over a set 0 onstants
b b b [ ]’ 7 [ ]
let  be a subset o () () 7dth
[ ] [ ]
let  be a set 0 e ualities an let the triple ( , , ) obey the ollo ing re wire-
ments
( )] ( [ D « [ D )
«, ) «) ) )y )y ) 6
« ) (Cs) (,) )
( )(( ) ) (S.)
there are no riti al onstellations in (S.3)
( W) (8.4)
hen e all the triple ( ,, )asketh

We will call the violation of S. a direct contradiction.

A small example should aid understanding of the concepts:

In the sketch depicted in g. 4 the di erent sets are (where the incidences of
the constants are lost ):



Fig. . A sample sketch

A few words on notation: If we are writing expressions like , ( )
y ( ) , then ( ), ( ) , respectively is meant.
Any other similar expression has to be interpreted accordingly.
Why should the set  only contain a subset of () and not of

() The reason is, that in a sketch every geometric object should
have one and only one name and should also be described by one logical ob-
ject. The same idea lies behind the introduction of the concept of the critical
constellation.

Note that one sketch is only one stage in the process of a construction, which
starting from some initial assumptions forming a sketch deduces more and more
facts and so constructs more and more complex sketches.

The set  in the de nition of the sketch initially was absent, but investiga-
tions in the equality of proofs and constructions showed that this set is important
for the proof, although it is not used in the sketch. This depends on the usage
of the equality: in the sketch it is a strict one, i.e., there is only one name for
an object allowed, while in a proof you can use one name at one time and a
di erent one subsequently. In the sketch, as we will see later, there is not a local
substitution of a term, but a global, therefore only one name is “actual” at a
time for an object. But if we want to translate a proof into a construction, which
is one of the aims of this work, we need informations on all the name-changes
that are possible.

ctio s o etc es

Till now a sketch is only a static concept, nothing could happen, you cannot
“construct”. So we want to give some actions on a sketch, which construct a new
sketch with more information. The new sketch may not have the properties S.1
S.3, but it must be a semisketch:

e itio emis etc . semisketch is a sket h that nee not obey to S
an S

These actions should correspond to similar actions in real world, i.e. actions
taken when one draws a sketch. After these actions are de ned we can explain
what we mean by a construction in this calculus for construction.



The following list de nes the allowed actions and what controls have to be
executed. The following list describes the changes that have to be done on the
quadruple of a sketch when we carry out the corresponding action.

In the following listing we will use the function losure( ) on a set of equal-
ities . This function deduces all equalities which are consequences of the set

. This is a relatively easy computation. If we have , ,
, , , then the procedure returns . This function is used
to update the set  of a sketch after a substitution.

oii ot o oits |, m ol : [ ],
[ ] [ 1, (I 1 [ 1 The requirements (S.1)
and (S.4) are ful lled since the necessary formulas are added to and . This
action can produce a semisketch from a sketch.

tersectio o t o i es |, m ol ( ): ual to the joining of two
points, but this action will only be allowed if in  there is
ssmi a e ect 1 e eral positio m ol
, , ( )- That  is a sketch is trivial, since is a
completely new constant. must be a constant of type  or
ii te ie[ J]a e ame : [ ] mol : [ ]
m 11 0 11 [ ] ]- 1is a sketch since this
operation is only a name-change. Note that must not be in
ra i alieparallelto t ro mol : (,)
, . ()
ii te oit( )a e ame : ( ) mol : ()
ual to giving an intersection-point a name. Note that must not be in
eti i t o oits a m ol ,
[ ], closure( ). Note that the set  can contain terms not
in . This action can produce a semisketch from a sketch.
eti i t o ies a m ol
ual to identifying two Points.
si a emma i m ol , (
), . This action can produce a semisketch from a sketch.
i a e ati e literal m ol , (
), .
i a e ati eliteral m ol , ( ),

To deduce a fact with sketches we connect the concept of the sketch and the
concept of the actions into a new concept called construction. This construction
will deduce the facts.

e itio o str ctio . construction is a roote an  ire te tree
ith a semisket h atta he to ea h no e an an a tion atta he to ea h verte
an satis ying the ollo ing on itions o verte itha tion lea s romno e
to no e then is obtaine rom by arrying out the a tion on

rom a no €  there is a verte labele



Fig. . Identifying two objects and

- gth[ Jor( ) then or , is ontaine in

- gth + (, ) : [ ] + () then there is no other verte
rom

- ith then there is e a tly one other verte labele

ith the negate o the other ormula  his is alle a ase- istin tion

urthermore 1 atta he to a no e

- wyiel s a iret ontra i tion then it has no su essor

- ontains ormulas an then there is no su essor

the no e is ontra 1t tory

- s a semisket h but not a sket h ie that there are riti al onstellations

let ( , ) be one o them then there are e a tly t o su essors one

labele  ith the a tion an one labele ith the a tion

What is deduced by a construction: A formula is true when it is true in all the
models of the given calculus. The distinct models in a construction are achieved
by case-distinctions. So if a formula should be deduced by a construction, it must
be in all the leafs of the tree. But since some leafs end with contradictions and
from the logical principle “ex falso quodlibet” we only require that a formula,
which should be deduced, has to be in all leafs which are not contradictory.

We also have to pay attention to the way a construction handles identities.
Since in a construction an identity is carried out in the way that all occurrences
of one term are substituted for the other, we not only prove an atomic formula,
but also all the formulas which are variants with respect to the corresponding
set . This notion will now be de ned.

e itio . oatomi ormulas ( , )an ( , ) aresai to be equiv-
alent with respect to here  is a set o e walities in symbols ( , )
(, ) hen( ), ( ) or the symmetri one

Now we can de ne the notion of what a construction deduces:

e itio 1. onstru tion e u es a set o atomi ormulas i or all
there is a not ontra i tory lea  here
either or ( ()

The meaning of this de nition is that if a construction deduces  then the
disjunction of all formulas in  is proved by this construction.



example ora a e co str ctio

We will prove the following sentence of affine geometry with a construction:

C G ) ) ) )

ILe. if two lines ( , ) are parallel and another line () intersects with one of
them, then it intersects also with the other one.

The construction is given in g. . First the assumptions are build up by
simple case distinction, this is an automatic process, then the proof by sketch
follows closely any other proof by distinction whether or not. In case it is
parallel node 9 is reached and closed because it yields a contradiction ( ,

, , ). If they are not parallel we can construct the intersection
point () and are nished. Therefore the construction proves the above formula
(if the implication is transformed into a disjunction).

LSS

Fig. . An affine construction

rn tion o tc to roo nd c

We will explain how to go from sketches in affine geometry as de ned above to
proofs in a formal calculus and how to obtain a set of sketches that prove the
same as a proof in a formal calculus.

The translation is done by transforming a given affine construction into a
projective one, which in turn can be translated into a proof according to [BP 1].
A similar route is used for the reverse direction: If we have a proof of a formula
in affine geometry we transform it into a formula in projective geometry, build
the corresponding projective sketch and translate it into an affine sketch.

Both translations are based on the well known fact that you can complete
an affine geometry with one line at in nity to a projective geometry, and that
you can strip down a projective geometry by deletion of one line to an affine



geometry. In these cases parallel means that the intersection point of two lines
incides with the taken out or added line.

It is easy to prove the axioms of affine geometry are valid in this new struc-
ture: Axiom (AG1) is the same in projective geometry, for axiom (AG ) just
dene : [ ( )] It is obvious that and that this line is unique.
Finally the last axiom (AG3) is a trivial consequence from the last axiom of
projective geometry.

On the other hand we can extend any affine geometry by adding a line
which holds all the meeting points of parallel lines to a projective geometry.

emma 1. ya ing eleting one ineto rom an a mne pro e tive geometry
e obtain a pro e tive a ne geometry

So we can de ne parallel by incidence and the added line as

C ) ) )

emma . ny onstru tion in a ne geometry an be translate into a on-
stru tion i pro e tive geometry

First note that the actions are the same in both formalizations, only the
action of drawing a line parallel to a given line through a given point is added.
But this action can be emulated by constructing theterm : [ ( )]. Moreover
all the instances of in the sets must be changed to () . With these
two substitutions the transformation into construction in projective geometries
is done and the transformation into proofs is done according to [BP 1].

Now we show that we can do the reverse process, too. We start with a formula
of affine geometry. Then we rewrite the axioms and add the line to obtain
a formula in projective geometry. This one can be proven by sketches (again
according to [BP 1]). Finally we have to transform the sketches in projective
geometry back into affine geometry.

emma . he onstru tion in pro e tive geometry o a erbran  is un tion
o an a ne geometry ormula an be trans orme into a onstru tion in a ne
geometry

ue to the fact that the Herbrand disjunction of the formula is also a
affine formula, the translation of the Herbrand disjunction into projective geom-
etry only contains in formulas like ( ) .In the projective construc-
tion we exchange the following parts: This changes the actions and therefore the
sets are changed, too. This way all the occurences of within the construction
are cancelled and we obtain a affine construction.

As a consequence of the above lemmata we can state

eorem 1. ne sket hes an proo s are e uivalent in the sense that any

proo o an a ne senten e an be translate into a set o  onstru tion s hi h

e u e the same senten e an any a ne onstru tion an be trans orme into
a proo



Fig. . Transformation of projective to affine sketches.

0o In (o) nt

We have proven that sketches in affine geometry can be viewed as proofs by them-
selves. Some consequences from the properties of projective sketches translate
into affine geometry. Most signi cant is the fact that sketches are not construc-
tive in mathematical sense, because of the concept of general position which
comes down to case distinction within the sketches.

This paper is the rst one on the way to extend results on projective geometry
to Euclidean geometry.
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