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Abstract. This paper describes ongoing research aimed at interconnect-
ing two emerging architectures for distributed mathematical problem
solving: the MATHWEB Software Bus (MATHWEB-SB) and the Logic
Broker Architecture (LBA). The bridge between MATHWEB-SB and
LBA is achieved by a common interface based on KQML and OPEN-
MATH. We augmented both architectures with MATHWEB agents that
communicate via a common interface sending KQML messages. The pro-
posed interface offers an appropriate abstraction for combining architec-
tures like the MATHWEB-SB and the LBA and allows external systems
to easily access the mathematical services of both architectures. As a case
study we show that MATHWEB agents encapsulating the R system,
the mathematical knowledge base MBA E and the E Asystem sited
in the LBA or in the MATHWEB-SB respectively can communicate via
our bridge and perform cooperative problem solving.

Modern applications of automated reasoning techni ues re uire open
software systems that support modulari ation, inter-operability, robust-
ness and scalability. The MATHWEB Software Bus (MATHWEB-SB) FK
and the Logic Broker Architecture (LBA) A are two platforms that
have been developed in recent years in the AGS! and the MRG? re-
spectively to meet these re uirements. Although, these architectures are
rather similar, they both have some advantages over the other. For in-
stance, the MATHWEB-SB already offers the means for building a ro-
bust and scalable system and it contains a load balancing mechanism.
The LBA is, for instance, based on the industrial standard BA for
inter-operability and offers abstract mathematical services.

In order to bene t from the merits of both, the MATHWEB-SB and the
LBA, we have built a bridge between the two architectures that
preserves the original functionalities of the component architectures,
enables the reasoning services integrated in one architecture to readily
use to the services offered by the other, and allows external client
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applications to have uniform access to the mathematical services in both
systems via a standardi ed interface.
In order to reali e such a combined system, we followed the ideas of
A AN | H HA E,and AN E AKR  who presented an interac-
tion protocol for mathematical services based on the Knowledge Query
and Manipulation Language (KQML) LF 4,Lab  and the de nition of
pen Mechani ed Reasoning Systems (OM S) speci cation framework
G TA4.

We follow the Agent riented rogramming paradigm (A ) Sho
and present a preliminary structure of mathematical reasoning agents,
which we call MATHWEB . MATHWEB agents communicate with
the KQML with OPENMATH formulas as a content. We extended
the reasoning services of the MATHWEB-SB and the LBA to MATHWEB
agents and augmented both architectures by KQML facilitators which
route KQML messages and communicate with the yper Text Trans-
fer rotocol ( TT ). We show that the bridge preserves the original
functionality of the two systems and that MATHWEB agents, running in
the MATHWEB-SB and in the LBA, can communicate via the bridge
and perform cooperative problem solving. ur implementation also al-
lows external systems to easily access the mathematical services in both
systems via a standardi ed interface.

In a case study we use the decision procedure for linear arithmetic which
is available in R A R 1 as an oracle to retrieve instantiations for
meta-variables within the proof planner of the E A system ea
During the problem solving process both systems access the mathemat-
ical knowledge base MBA E KF

The structure of the paper is as follows. In Section we brie y introduce
and compare the MATHWEB-SB and the LBA. In section we give a
technical description of the bridge. Finally, we present our case study in
section 4.

It is worth to be mentioned once again, that this paper presents ongoing
research. Therefore, the reader should not expect mnal results.

The MATHWEB Software Bus (MATHWEB-SB) FK  for distributed
automated theorem proving supports the connection of a wide range
of by a common software bus. The MATHWEB-
SB provides the functionality to turn existing theorem proving systems,
computer algebra systems, and miscellaneous tools into mathematical
services that are homogeneously integrated into a proof development
environment.



Using the MATHWEB-SB technology we developed the MATHWEB sys-
tem which is a stable network of mathematical services. The MATH-
WEB system is implemented in M A T O grob, a multi-paradigm
ob ect-oriented programming language which fully supports concurrent
and distributed programming and allows to simply distribute applica-
tions over the Internet. The services of the current MATHWEB system
are used permanently by client applications, e.g. by the E A Sys-
tem ea , D RIS BBK , and the system MAF 1.
MATHWEB currently integrates many different reasoning and computa-
tion systems, like, for instance, automated theorem provers (e.g. OTTE ,
spass, etc.), computer algebra systems ( ASs) (e.g. MAP E, and GA ),
translation services, the mathematical knowledge base MBA E KF
and constraint solving systems (e.g. im and horus K ).

Fig.1 shows part of the MATHWEB system as it is currently running.
In MATHWEB, (MS) offer the mathematical services (e.g.
an AT | or a AS) to their local MATHWEB broker. MATHWEB bro-
kers register and unregister to each other and, therfore, build a dynamic
web of brokers. lient applications, like the E Asystem,D RISora
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GI-script, connect to one of the MATHWEB and re uest services. If the
re uested service is not offered by a local meta-service, the broker for-
wards the re uest to all other brokers until the service is found (a e t)
or it is not found anywhere in the MATHWEB system (den ). If the re-

uested service is found, the client application receives a reference to a
newly created and can directly send messages to the ob ect.
MATHWEB-SB currently offers three interfaces to connect to a broker,
namely M A T s distributed programming interface, GI-script access
via an TT server, and access via an MLR server.



In A A AN  and N have presented the

(LBA), a framework which provides the needed infrastructure for
making mechani ed reasoning systems inter-operate. The LBA provides
location transparency and a way to forward re uests for logical services
to appropriate reasoning systems via a simple registration subscription
mechanism. The basic means to achieve this are the BA Groa stan-
dard for client-server applications and the OPENMATH standard. BA
is speci cally designed to interface software systems and provides loca-
tion transparency for free.
The basic schema of the LBA is depicted in Fig. , where a reason-
ing system gets access to the services provided by a S via
the Logic Broker (LB). A reasoning system S can register a logical service

execut e( OMDj ) new( LS)
Y

C S

CORBA Layer
provi de(LS)

subscribe(LS,) regi ster(LS,)

. >

LS S=find(LSy |
Matcher LB ‘ DB ‘
~—

. The Logic Broker Architecture

to the LB by sending the LB a message of the form register( ), where
is a speci cation of the logical service it is able and willing to provide
(e.g. ro e,sim i , a tor, etc.). An application can subscribe to the
LB as a by issuing the LB a message of the form subs ribe( ),
where is a speci cation of the re uested service. Upon receipt of such
a message, the LB searches the database of registered services for a pair
S such that the speci cation of the logical service has the same
interface of the re uired one. The server S is then asked to ro ide a
new service ob ect LS which can be accessed by the client  with the
e e ute method. The communication between and LS is totally inde-
pendent from the LB due to the use of a logic service BA reference.
The service ob ect LS itself can act as an LB client again. In a future
version of the LBA, the LB is supposed to handle also the case where the
and the are reasoning systems with different conse uence
relations. It is planned to use a ( ) to
nd a morphism between conse uence relations. The LS Matcher shall
ensure logical correctness of the inter-operation between reasoning sys-
tems with different conse uence relations (see A for details).



The reader may have already reali ed that the MATHWEB-SB and the
LBA have a similar structure. They both have the notion of one or
more brokers' where logical services can be offered (registered) by meta-
services (service servers). lient applications connect to the brokers and
re uest (subscribe) to the services. The meta-services (service servers)
create new service ob ects which can then be accessed by the client ap-
plication. Thus, both systems offer transparent communication at an ab-
stract level, i.e. client applications do not have to care about the location
of the server and the service ob ect and about low-level communication
details. But there are also differences between the MATHWEB-SB and
the LBA.
The MATHWEB-SB offers some features that are not offered by the
LBA: MATHWEB brokers form a dynamic web and allow for building
a robust and scalable system. The MATHWEB-SB also uses a load
balancing algorithm in a service. MATHWEB-SB
services can be accessed by three different interfaces. Last but not
least, the MATHWEB-SB integrates various tools for system man-
agement which are essential to keep a stable system up and running.
n the other hand, the LBA has some advantages over the MATH-
WEB-SB: It follows the idea of abstract logical services (e.g. a tor,
sim i , etc.) where in the MATHWEB-SB, mathematical services
always offer the full functionality of the underlying reasoning sys-
tem (e.g. the e a function of the AS MAP E). Moreover, the LS
Matcher of the LBA is going to ensure the logical soundness of sys-
tem integration.
The MATHWEB-SB and the LBA are based on different implementation
platforms. Therefore, to link the reasoning services provided by the two
architectures, we have to translate service re uests of one architecture
to re uests in the other. This translation must be sound, i.e. it must
preserve the semantics of the re uest. The bridge proposed in the follow-
ing section uses OPENMATH symbols from an content dictionary
(reas s. d) to describe mathematical services. We hope that in the fu-
ture the OPENMATH society will come to a consensus about the semantics
of symbols describing mathematical services in the same manner than it
is done for the OPENMATH symbols.

In this section, we present the bridge which combines the MATHWEB-
SB and the LBA. We extended the reasoning systems of both archi-
tectures to MATHWEB agents and developed a common interface which
is independent of the underlying implementation platforms. The work
presented here is part of the endeavor to apply agent oriented program-
ming techni ues to automated reasoning in order to construct a web of
heterogeneous mathematical agents which perform distributed problem

! The current implementation of the LBA supports the use of one single central broker.



solving, handle shared proof ob ects, and dynamically coordinate their
behavior given a problem at hand?. The reader should regard our bridge
as a rst step towards this ultimate goal and as an attempt to gain rst
experience with KQML communication between MATHWEB agents.

In the following two section we rst give a brief introduction into agent
oriented programming and the KQML language. In section . we de-
scribe the structure of MATHWEB agents which are build according to
the A paradigm and which communicate with KQML. Finally, we
describe the details of our bridge in section

The term (A ) was coined by Shoham
in 1 Sho . It is a new programming paradigm, based on a soci-
etal view of computation . The key idea is that of directly programming
software agents which encapsulate arbitrary, traditional software appli-
cations. These are able to interface and control the operation
of the embedded services. The basic means for the interaction between
agents is a common (A L) which en-
able the agents to coordinate their behavior, i.e., steer the embedded
applications by exchanging , , and
KQML LF 4,Lab is a communication language for software agents
which supports the exchange of information about the (virtual) knowl-
edge bases ( KB) of the agents. KQML is both a message format and a
message-handling protocol to support share knowledge in a multi-agent
system. It is based on the developed by A T N Aus
and SEA E Sea . The primitives of KQML are called
which de ne the permissible speech acts that are allowed to perform
in communication with each other. Thus, KQML messages do not solely
communicate sentences in some language, but rather communicate an at-
titude about the content of the message. Typical KQML performatives
are, e.g. as i , or te with which an agent can as another agent
whether a given formula is valid in its KB, or te the other agent to
add a fact to its KB, respectively.
The exchange of several KQML messages between one or more agents
about a certain topic is called a . Usually, KQML
conversations must obey a strict protocol which speci es valid conver-
sations. The validity of an incoming message is checked by the

of an agent. If an agent receives a message that can not
be assigned to an ongoing conversation, it simply ignores this message.
Las de nes a basic set of valid conversations in Lab
KQML are special agents which ful 1l tasks as, e.g. message
forwarding and broadcasting, mapping of symbolic agent names to real
physical addresses, and managing a list of the capabilities of all known
agents (see Lab  for further details).

2 The interested reader should wait for the hD proposal im 1 of the rst author
to appear.



We followed the ideas of A and developed a prototype agent shell for
mathematical services. Fig. shows the general structure of MATHWEB
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agents as they are currently reali ed to build the bridge between the
MATHWEB-SB and the LBA. ssentially, each agent contains a classical
reasoning or computation service. A central control unit composes and
sends KQML messages and translates incoming messages into concrete
actions for the service. ach MATHWEB agent can access a database
of mathematical services speci cations in order to produce reasonable
KQML messages. The conversation module of an agent handles all on-
going conversations the agent is involved in. MATHWEB agents are sup-
posed to communicate via KQML with OPENMATH as a content lan-
guage. In the future, we might also use O Koh  or other languages
as content languages. While OPENMATH is a standard for the represen-
tation of formulas, O aims at the representation of full mathematical
documents, including, e.g. plain text, de nitions, theorems, and proofs.
OPENMATH and O are based on a xed ontology accepted by many
members of the automated reasoning and of the computer algebra com-
munity. Therfore, we think that OPENMATH and O are more suitable
as content languages for the communication between MATHWEB agents
than other languages (e.g. KIF or MATHML).

The key idea behind the bridge between the MATHWEB-SB and the
LBA is to wrap existing mathematical services into a MATHWEB agent
shell and to extend both systems by KQML facilitators which can com-
municate via a common interface. The overall structure of our bridge is
depicted in Fig.4. We decided to use the yper Text Transfer rotocol
( TT ) as the basic communication protocol between the MATHWEB-
SB and the LBA because it is light-weight, ubi uitous in the Internet,
and there are already implementations of TT available for all standard
programming languages. The content of an TT re uest is expected
to be the encoding of a KQML message with an -encoded

The document type de nition (DTD) of KQML is available at htt www.mathweb.
org mathweb m dtd m .dtd.



OPENMATH formula as its content. To send a KQML message over the
bridge,an TT client connects toan TT server and sends a re uest
with the message as content. TT clients and servers are provided by
so called . Routers also perform the translation of the internal
representations of KQML messages into the format and vice versa.
We implemented two TT routers, one in the MATHWEB-SB (imple-
mented in M A T) and one in the LBA (implemented in ava).
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. The bridge between MATHWEB and LBA

We now describe the additional extensions of the MATHWEB-SB and the
LBA that were necessary to build the bridge.

Since the MATHWEB brokers

already offer features like the registration of services and the forwarding
of re uests we decided to extend them to full KQML facilitators. f
course, these extended brokers do not lose any of their capabilities.
Furthermore, we implemented the MATHWEB agent structure proposed
in section . in M A T and wrapped the E A and the MBA E
system into a MATHWEB agent shells. Fig.4 shows the E A agent
and the MBA E agent  and the LBA agent which play a central role
in the case study described in section 4.
We expect, that in every local agent society, there is at least one KQML
facilitator and that all MATHWEB agents in this society communicate
directly with this facilitator. The facilitators do the routing of outgoing
messages and forward incoming messages to the . For instance, in
Fig.4 the E A agent communicates only with the local facilitator F;.
When sending a KQML message to an agent outside of MATHWEB the
facilitator F1 accesses the router R that translates the message (includ-
ing the OPENMATH content) from the M A T-internal representation
into encoding. When R, receives a message via an TT re uest
it parses the message and the content and translates it intothe M A T
representation.



We also extended the LBA by a KQML
facilitator (F2) (which can access the router Ry) and by one central
LBA agent which can access all logical services of the LBA. Fig.4
shows up a slight asymmetry between the agent structure in the MATH-
WEB-SB and the LBA. This is due to the fact that the two logic services
( a torandsim i ) currently offered by the LBA do not actively send
subproblems to other MATHWEB agents outside the LBA . The use of
one agent for the whole LBA allows us to keep the LBA in its current
state and to perform agent communication. The extensions made on the
LBA side are located within the dotted region in Fig.4. onse uently,
the KQML facilitator (F2) is identical with the Logic Broker. The
LBA agent acts as a Logic Broker client. When a reasoning service of
R  isre uired, agent subscribes to the service registered by the R
service server and receives a BA service ob ect (cf. section . ). The
agent can then send the problem to be solved to this service ob ect.
The extension of the MATHWEB-SB and the LBA presented in the pre-
vious paragraphs ful 11 all our re uirements. They preserve the original
functionality of both systems and allow to run the systems with or with-
out MATHWEB agents and KQML communication. The interaction pro-
tocol between the two architectures is based on widely used standards.
Using our bridge, the E A system can already access the services

a tor and unsat provided by the LBA. very external system which
wants to use the reasoning services integrated in the MATHWEB system
or in the LBA can easily access them. For this, the external system must
usean TT client and server which sends appropriate KQML messages
and interpretes incoming messages. This is su cient to perform simple

ueries, but in order to perform full agent communication the external
system should also be able to handle full KQML conversations.

We now describe a case study which shows that the bridge proposed in
the previous section is su cient for communication between MATHWEB
agents and that an interplay between reasoning systems can be modeled
as a KQML conversation. We intend to use the reasoning capabilities of
R and MBA E within the proof planner of the E A system.
R isbasedon R ( onstraint ontextual Rewriting) and simpli es
clauses in a uanti er-free rst-order logic with e uality using a tight
integration between rewriting and decision procedures. In its current
version, R offers the decision procedures for the theory of Universal
resburger Arithmetic over Integers (U AI), for the Universal Theory
of wuality (UT ), and for U AI extended with uninterpreted
function symbols.
MBA Eis a knowledge base for mathematical ob ects, such as de nitions,
theorems, or proofs. It can serve as a shared background for various
deduction services. Its ob ect representation is fully based on OPENMATH
and O . Since it establishes a semantics for the ob ects, these these

owever, this might change in a future version of the LBA.



systems reason about, it can serve as the necessary glue that binds
mathematical services together to a oint system. n the other hand,
the formal representation allows semantics-based retrieval of distributed
mathematical facts.

In the following section we describe the problem of instantiating meta-
variables in planning proofs for limit theorems. In section 4. , we show
how R s decision procedure can be used as an oracle to nd
appropriate instantiations for the meta-variables. Finally, we show in
section 4. how the interaction between E A, R ,and MBA E can
be modeled as a KQML conversation between MATHWEB agents.

In recent years we gained some experience in using knowledge-based
proof planning MS | to nd - -proofs for limit theorems. Knowledge-
based proof planning is a variant of proof planning introduced by B N
Bun  which makes extensive use of mathematical knowledge. Due to
space limitations we don t go into the details of proof planning here.
The interested reader should consider Bun |, KKS | and MS for
further information.
ne of the main problems in proof planning in general is the instantiation

of meta-variables during the proof planning process or after a complete
proof plan has been found. wur rst attempt to tackle this problem
was the development the constraint solver im  which is inte-
grated into the proof planner of  E A as an external reasoning system
MM .
In order to plan proofs for certain theorems (e.g. theorems about trigono-
metric functions) reasoning system is needed which can handle user-
de ned function symbols and uses an extensible set of facts (e.g. about
properties of user-de ned functions). These re uirements are not met by
the current implementation of . In the following, we will show that
(at least in some cases) the decision procedure of R can be
used as an oracle for the instantiation of meta-variable when the con-
straints for these variables contain user-de ned function symbols.
The problem of instantiating meta-variables also occurs when the

is applied to an open subgoal. The S uee e Theorem states that
one can proof that the limit of a function at a point 1is if one can

with two functions and (we also refer to as the

) whose limit in is

In order to prove that lim (sin( ) cos( )) we can

apply the S uee e Theorem with () (sin( ) cos( )) and eventually
have to nd functions ( ) and ( ) whos uee e the given function:

() sin() cos() () (1)

and whose limit at is ,ie., im () lim ().

Meta-variables are place holders for (higher order) witness terms.

ere

and  are higher order meta-variables that must be instantiated by a

expression.



We use the R system as an oracle which can help to nd appropriate
s uee ing functions. In the following, we expect that the mathemati-
cal knowledge base MBA E solely contains some basic facts about the
functions sin and cos:

sin( ) ()
1 % cos() 1 ()
R s decision procedure for linear arithmetic with augmentation ( )

can help to derive a s uee ing function ( ) for ine uality (1) from the
facts ( ) and () (see A R 1 for information about the decision pro-
cedure). The decision procedure is designed to detect unsatis ability of
ground ine ualities , so we provide the negated theorem. For

, we provide

( () sin()  cos()) (4)

to get a candidate for a lower bound s uee ing function. R rst sends a

uery to MBA E to get all available facts about the user-de ned function
symbols (sin and cos) in the input formula. Then, the decision procedure
can derive that for unsatis ability (i.e. validity of the theorem), the fol-
lowing ine uality must hold:

’ () ()

From ine uality ( ) we can easily derive an appropriate instantiation for
2 . A similar computation can be performed to get a
candidate for the upper s uee ing function

We now take a closer look at the communication that takes place between
the E Aagent ,the MBA Eagent ,andthe LBA agent in order
to achieve the desired interaction.

For the sake of readability we use a proprietary syntax for KQML mes-
sages in the following. We abstract from message IDs and message han-
dling details and use the expression (S, R, ) to indicate that agent S
sends a message with the performative and the content to the re-
ceiver R, where we assume that the content is always an OPENMATH

formula. For the same reason we do not use syntax for OPENMATH
formulas but the usual math notation.
In the following, we assume for the sake of brevity that the E A

agent  already knows that the LBA agent offers a service unsat( ,
) which checks whether a given OPENMATH formula  is unsatis able.
is an annotated OPENMATH variable which is bound to the result of
the agent s computation. The service unsat either returns , if the

Since R
variables

can only handle ground terms, we actually have to replace the meta-
()and ( )in by fresh constants. For the sake of readability,

we keep using the meta-variables here.



given formula  is unsatis able, or a formula which has to be valid in
order to prove unsatis ability.

In the following we refer to of section 4.1 and suppose that
the application of the S uee e Theorem produced (among others) the
subgoal

() sin() cos( ) ()

The instantiation strategy of E A s proof planner is triggered by a
special control mechanism which suggests the call of the unsat service
directly after the application of the S uee e Theorem. The instantiation
strategy then uses the MATHWEB agent shell for the KQML communi-
cation, i.e. and agent  starts a new KQML conversation with agent
and asks to check the unsatis ability of the negated ine uality ( ):
as one( , ,unsat( ( () sin( ) cos( ), )).

The conversation module of agent  accepts the as one message and
starts a new thread to handle the conversation. The conversation module
also builds up the context of this conversation. In our case the context
consists additional facts for the user-de ned functions symbols sin and
cos. To retrieve these as s the MBA E agent for known upper and
lower bounds. MBA E can provide two theorems that de ne upper and
lower bounds:

te ( y Sin( ) )a
te (, , 1 2 cos() 1)

Finally, the R agent subscribes to the unsat service available at the
Logic Broker (see Fig.4). The decision procedure of R is invoked with
the facts stored in the conversation context and with the given formula
as input. In our example the decision procedure cannot determine the
logical status of the input formula, but after termination it returns the
ine uality ( ) of section 4. which has to be valid for the input to be un-
satis able. Thus the OPENMATH variable in the as one performative
is replaced by this ine uality and the response of the R agent is

te (, ,umsat( ( () sin() cos()), ? ()

The E A agent can now pass the ine uality 2 ()
to the instantiation strategy which replaces the meta-variable ( ) by
2 . A similar conversation with the R agent yields the

candidate for the s uee ing function . Finally, the planner
tries to nd proof plans for the subgoals lim 2 , and
lim . These subgoals can easily been proved with the standard

proof planning methods for - -proofs.

A TS BS is an agent-oriented command suggestion mechanism for
interactive theorem proving within the E A system. A TS sug-
gestion agents autonomously gather information from E As central
proof data structure and deliver it to the command suggestion agents.



The suggestion agents then suggest appropriate proof steps to a human
user. A T agents do not communicate with a standard A L but use
Lisp-internal communication.

ALDW  is a client-server system that enables users to solve
complex scienti c problems remotely. The system allows users to access
both hardware and software resources distributed across a network. In
ALDW AN ET A also describe the linking of with
other systems (e.g. infand ondor). is designed for distributed
scienti c¢ computing rather than for cooperative mathematical reasoning.
The NT theorem prover DKS  is based on the EA
approach for distribution problem solving. xperiments with NT
explored the aspect of a tight cooperation between the theorem provers
that makes a group mathematical services more successful than any sin-
gle component.

We presented our approach for the interconnection of two architectures
for distributed automated reasoning, the MATHWEB-SB and the LBA,
via an agent-based communication bridge. To build the bridge, we ex-
tended the reasoning systems integrated in the MATHWEB-SB and the
LBA to full MATHWEB agents which communicate with KQML mes-
sages. We also augmented both architectures by added KQML two facil-
itators that exchange KQML messages using the TT protocol.

The proposed bridge preserves all the advantages and functionalities of
both architectures and is independent of the underlying implementation
platforms. The bridge allows two reasoning systems to perform coopera-
tive problem solving even if they are located within the MATHWEB-SB
and the LBA respectively. Last but not least, the common protocol in-
troduced in this paper can also be used by external applications to access
the services offered by both systems.

We would like to thank Silvio Ranise for his help in developing the R
server and Andreas Franke for his support for MBA E. We are also in-
debted to Andreas Meier for his help on the proof planning part.
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